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Abstract 
The work presented in this thesis is dedicated to the study of transient tyre dynamics and how 
these influence the dynamic behaviour of the vehicle and its driveline, with the main focus 
being on low-to-zero speed manoeuvres such as pull-away events. The bulk of the work focuses 
on the amalgamation of the hitherto disparate fields of driveline modelling and detailed tyre 
modelling. Several tyre models are employed and their relative advantages and disadvantages 
analysed. The observed dynamic behaviour is correlated to the inherent structure of each tyre 
model in order for the most appropriate for driveline studies to be identified. 
 
The main simulation studies are split into two parts: the first comprises a study into isolated 
driveline dynamics; where the yaw, pitch and roll behaviours of the vehicle body are neglected. 
A relatively detailed driveline model with an open differential is used with tyre models of 
increasing complexity with the aim of determining when increased model detail fails to increase 
the accuracy of the results. The second part is concerned with the study of how the dynamics of 
the vehicle body and suspension affect tyre model performance and associated effects on the 
driveline behaviour. For this, the driveline and tyre models are incorporated into a full six 
degree-of-freedom vehicle model with full suspension effects. 
 
Frequency migration on low-μ surfaces is successfully explained via the decoupling of the 
vehicle and driveline inertias. Frequencies observed in FFT analyses of the simulation results 
correspond to those obtained through eigen-analysis of appropriately modified state-space 
models with varying degrees of coupling that reflect the vehicle travelling on uniform low- or 
split-μ surfaces. The main finding of the thesis is that this decoupling theory can also be applied 
to high-speed take-off manoeuvres, as it is the position along the tyre slip-force curve that 
dictates decoupling; i.e. if the curve has saturated. This leads to the effective traction stiffness 
being zero, which modifies the equations of motion and subsequently the system eigenvalues. 
 
A series of measurements are taken in order to verify the findings from the simulation work. 
Manoeuvres analogous to those simulated are carried out. It is found that only the simulation of 
split-μ conditions is necessary, as the results from the low-μ test show a similar pattern to those 
seen on the split-μ surface. 
 
Keywords: Transient tyre modelling, multi-body dynamics, traction manoeuvres, driveline 
dynamics, suspension dynamics
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1.0 Introduction 
Vehicle noise, vibration and harshness (NVH) is of major concern to car manufacturers 
worldwide. Primarily, NVH issues usually result from the coupling of engine and driveline 
dynamics. This particular subject area is broad, covering a number of so-called „error-states‟. At 
the lower end of the frequency scale, driveline dynamics couple with the longitudinal and pitch 
dynamics of the vehicle body. Such interactions are apparent during relatively abrupt torque 
demands – particularly at low-to-zero travelling speeds, for example during throttle tip-in or tip-
out. The coupling between the final stage of the driveline – the wheel rims – and the 
longitudinal and pitch dynamics of the vehicle is achieved by the tyres. Under the 
aforementioned vehicle speed and engine torque conditions, the tyres operate in a highly 
transient manner. The rolling speed of the tyres, the compliance of the tyre carcass, and other 
factors such as the roughness and friction coefficient of the road surface all determine the 
dynamic behaviour of the tyres and significantly influence the ultimate response of the entire 
vehicle system. The ultimate aim of the work proposed for this research is to deliver highly 
refined vehicles. 
 
It is apparent that the weakest link in the current simulation process is the tyre and, in particular, 
how to model its behaviour in order that full confidence can be held in the overall simulation 
results, as real-world engineering and design decisions are being increasingly based on such 
simulations. The difficulties in tyre modelling arise from the interaction of friction, carcass 
compliance and rolling motion in a manner that is not immediately obvious. Further 
complications are added by the need for identification of the potentially large number of model 
parameters that are required for successful simulation. Unlike other typical vehicle driveline 
components, for example shafts or bearings, tyre parameters cannot be easily identified via the 
usual methods of using computer-aided design (CAD) or finite-element analysis (FEA) 
packages. Simplicity, repeatability and accuracy of the experimental procedure are all essential 
elements that are required to accompany any proposed modelling approach. The research work 
planned is stimulated by the requirement for realistic simulation of tyre forces within a driveline 
simulation environment, and has been sponsored by Jaguar Land Rover (JLR) with a view to 
incorporating the results into the simulation tools that they currently use. 
1.1 Instigation of research work 
Generally speaking, the problem of simulating vehicle take-off manoeuvres is not one to which 
attention is paid by researchers. This could be due to a number of reasons. They include the fact 
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that, perhaps, this type of manoeuvre is assumed to be much less complex than it is in reality. 
Superficially, it may appear that the tyre just „starts rolling‟ and, along with it, the vehicle starts 
to move. What is not so apparent is the gradual build-up of tyre forces and the dependence and 
effect of the tyre carcass characteristics on how these forces develop and enable the tyre to 
progress into operating at the more commonly investigated higher-speed steady-state region. 
This particular topic is even more important for four-wheel-drive vehicles, especially those that 
operate off-road. Towing of heavy loads, low travelling speeds, negotiation of gradients and 
low-μ surfaces are scenarios that occur on a regular basis with this type of vehicle. It must also 
be considered that these vehicles usually have engines which develop relatively high torque, and 
the incorporation of open differentials at various stages along the driveline can, as a side-effect, 
introduce undesired vibrations within the driveline. 
 
Previous research [1] has identified the requirement for a full investigation of the effects of 
vehicle traction on the occurrence of such driveline oscillations. This original research was 
prompted by the observation of a low-frequency fore-aft oscillation of the vehicle body during 
first-gear part-throttle pull-away manoeuvres in cold-climate testing on a split-μ surface. The 
authors constructed a whole vehicle model within the ADAMS (Automatic Dynamic Analysis 
of Mechanical Systems) environment in order to try to replicate these observations and find 
possible reasons for their occurrence. A model of the driveline in isolation was also constructed, 
and a linear analysis performed in order to characterise the low-frequency modal content. It was 
found that the first driveline vibration modal frequencies in the region of 2-2.5 Hz, usually 
related to driveline shuffle, did not correlate with the frequency response of the whole vehicle at 
5.5 Hz. Experiments and simulations were carried out in order to assess the effect of compliance 
in the powertrain mounts, which were found only to affect the fore-aft oscillations in magnitude 
only and not frequency. The authors concluded that on low-μ surfaces, as the effective dynamic 
vehicle mass is reduced, vehicle modes that are usually critically-damped on a high-μ surface 
become active as less system damping is present. Finally, the interaction between the tyre and 
road surface is the final „boundary condition‟ to be investigated when examining the low-
frequency vehicle responses, and so more detailed modelling of this interaction would go a long 
way towards understanding this problem. Crucially, the tyre-road interface in the authors‟ 
simulation model was represented by a simple longitudinal friction model based on a linear slip 
stiffness. This approach is simply not sufficiently representative of the actual structure and 
behaviour of the tyre to allow the assessment of the full effect that they have on the driveline 
vibrational response. 
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1.2 Aim and objectives 
The aim of this research is to investigate the dynamic interaction between the tyres and 
driveline, with the purpose of thoroughly analysing the dynamic traction responses of the 
vehicle. In particular, the influence of transient tyre behaviour during a take-off manoeuvre, i.e. 
starting from stand-still, and also during unusual traction conditions such as those experienced 
on low-friction and split-friction surfaces. 
 
The objectives of this research project can be summarised as follows: 
 Create and validate a representative driveline model of a specific JLR vehicle 
 Generate and/or adapt tyre models for implementation in the above driveline model and 
carry out a series of transient traction simulations. The starting point will be a relaxation 
length-based model 
 Incorporate a load- and slip-dependent relaxation length: it is possible that this 
approach, even including these dependencies, will not be able to fully capture the higher 
frequencies observed experimentally. More elaborate physical models, possibly 
including the contribution of a number of structural modes of the tyre, may be required 
 Analyse the limitations of various models with particular focus on their ability to 
capture (or otherwise) the experimentally-observed phenomena 
 Analyse the driveline in the frequency domain by studying the effect of different tyre 
models and operating conditions on the frequency content and damping of the driveline 
 Carry out a number of simulation studies to investigate the overall dynamics of the 
vehicle system. For example: 
o What are the implications of an open differential on a split-μ surface, and how 
can this be studied with the aid of a transient tyre model? 
o What are the implications of slopes and trailer towing? 
o What are the implications of the interaction between the dynamics of the 
suspension, tyres and driveline? 
 Validate the simulation results experimentally, either using existing data or taking new 
measurements if required, using Loughborough University‟s tyre testing rig, or other 
facilities such as an instrumented vehicle. 
1.3 A case for novelty 
As described in the preceding section, current research [1] shows that severe oscillations are 
generated when driving on low-μ surfaces, and the present explanation based simply on the 
decoupling of the longitudinal vehicle motion from the driveline oscillations is inadequate. 
Based on the literature, in which it has been reported that the actual behaviour of the tyre is 
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highly transient and depends heavily on the instantaneous slip ratio and vertical load (both of 
which can experience significant changes throughout a given manoeuvre), it is suspected that 
the behaviour of the tyre needs to be better captured, and its interaction with the dynamics of the 
driveline and suspension analysed. 
 
The main motivation for this project is to follow on from the research [1] discussed in the 
preceding section, by providing a more thorough representation of the tyre dynamics in order to 
model their effect on those of the driveline. This combination of the hitherto separate fields of 
driveline and tyre modelling, with the purpose of enabling the effect of tyre dynamics on the 
driveline dynamic behaviour to be assessed, is one which has not received wide coverage in the 
literature and would therefore represent a step forward in the field of vehicle dynamics studies. 
 
The coupling of suspension and tyre dynamics is a critical part of this investigation, as the 
rearward weight transfer associated with the acceleration of moving off from a stand-still will 
load the tyres in a non-uniform manner, continuously changing the maximum achievable 
longitudinal force. In addition, the continuously varying traction forces at the contact patch will 
provide continuously varying loads upon the suspension, again affecting the motion of the 
vehicle body and the sensations felt by its occupants. It has been shown in [1] that on low-μ 
surfaces, severe oscillations are present at frequencies which differ from those observed when 
the driveline is considered in isolation. This immediately suggests that the interaction between 
tyre and road is critical in explaining this observation. A possible reason for this effect is that at 
low vehicle speed, there is inherently less damping present, so any oscillations will be 
enhanced. On a split-μ surface for example, the aforementioned open differentials cause the 
wheel with higher traction to rotate slower than that with lower traction, as the wheel with less 
traction offers much less resistance. At this „gripping‟ wheel, due to a low force-slip gradient 
(see Section 3.2), a large relaxation length (see Section 3.2.1) is present, meaning that the tyre 
operates in a very transient manner. The slower build-up of tyre forces is transferred to the 
driveline, possibly explaining the oscillatory behaviour witnessed experimentally. This 
relaxation length, as a simple yet effective transient tyre modelling solution, could provide an 
adequate solution if it is made load and friction dependent, which the oscillatory behaviour has 
been shown to be. Further details of this concept can be found in Section 2.2.2. 
 
Currently, the field of transient tyre modelling in conjunction with driveline dynamic modelling 
on paved road surfaces is very narrow, and it is expected that combining an effective transient 
tyre model with a driveline model will capture the majority of physical phenomena that are 
known to exist much more accurately than the simple steady-state solutions that are currently 
employed. Driveline dynamic modelling in low- and split-μ conditions for take-off manoeuvres 
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on paved road surfaces is another area which has received minimal coverage, and as such this is 
also an area which will be covered by this project. It should be emphasised that the above 
comments relate to studies involving paved road surfaces in straight-line conditions – work has 
previously been carried out by Sharaf et al. [2] and Jaiswal et al. [3], who studied split-μ 
conditions on off-road surfaces and in handling situations respectively. As mentioned in the 
preceding section, many areas specific to four-wheel-drive vehicles are also of interest within 
this research. Investigations will be carried out in order to determine the effect on driveline 
oscillations of towing loads, climbing and descending gradients, moving-off and travelling on 
low- or split-μ surfaces, and a combination of some or all of the above. 
1.4 Thesis structure 
This work is organised into six chapters. Below follows a brief description of each to give an 
overview of the complete thesis. 
 
Chapter 1 – Introduction: Some general aspects of driveline and tyre interaction are introduced. 
The remainder of the chapter introduces the research project, including the reasons for its 
inception, the novelty contained within the research and the overall project aims and objectives.  
 
Chapter 2 – Literature review: The fields of tyre, driveline, vehicle and suspension dynamics 
have been discussed in great detail by numerous researchers. The aim of this chapter is to 
summarise the main findings of this previous research and to provide a thorough introduction to 
the modelling and simulation methods that will form the basis of the present research. 
 
Chapter 3 – Driveline and tyre modelling and analysis: This chapter demonstrates all of the 
isolated driveline and tyre models used in this research – i.e. not taking into account the 
dynamics of the vehicle body or suspension. Where necessary, full descriptions of the model 
structure and their full derivations are given. Modelling undertaken in both MATLAB and 
ADAMS is presented. Frequency analysis via eigen-analysis and model linearisation is carried 
out, and reveals that changes in frequency content between different types of surface can be 
explained through decoupling of the driveline and vehicle inertias. 
 
Chapter 4 – Full longitudinal vehicle dynamics modelling and analysis: In this chapter, the 
models from Chapter 3 are modified in order to incorporate the dynamics of the vehicle body 
and suspension, including suspension anti-effects and the vertical dynamic behaviour of the tyre 
and wheel system. The purpose of this is to determine the effects that these dynamics may have 
upon the dynamics of the driveline and tyres. As in the previous chapter, modelling is carried 
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out both in MATLAB and ADAMS. It is found that the addition of vertical wheel dynamics 
does not affect the frequency content of the results, but does have an effect on the magnitudes of 
the observed torque oscillations. 
Chapter 5 – Experimental measurements: This chapter discusses the experimental procedures 
and results obtained in order to validate the results from the simulations in the previous two 
chapters. A full explanation of the equipment set-up is given followed by a thorough analysis of 
the data recorded and how it compares with that obtained through simulation. 
 
Chapter 6 – Conclusions and suggestions for future work: The main findings of the research are 
summarised. Advantages and disadvantages of the methods used are discussed, along with ways 
by which these methods could be improved. In addition, further investigative work is suggested 
in order to enable the research started herein to be continued and improved upon. 
  Chapter 2 – Literature  review 
 
7 
 
2.0 Literature review 
This chapter provides a thorough review of the literature on each of the aspects that comprise 
this research. Firstly, a review of various driveline „error-states‟ is presented; including 
descriptions of how each originates, how they are perceived by the vehicle occupants and how 
they are modelled and investigated. The numerous error-states discussed have been included as 
it is likely that the detailed driveline models used in this research will capture a number of 
dynamic phenomena, and therefore it is critical that these are understood in sufficient depth to 
enable them to be identified as and when this occurs. Secondly, the current state-of-the-art in the 
field of tyre modelling is presented and reviewed with particular focus on those solutions which 
are best suited to vehicle dynamics simulations. A brief review of the current experimental 
procedures used for identifying the parameters used in the tyre models discussed will be 
presented; from which the most suitable with regard to this project can be identified. This is 
followed by a discussion on the fundamentals of vehicle and suspension dynamics and a 
summary of the main principles and methods used in multi-body dynamics and simulation. All 
publications referred to in this section are listed in the References chapter at the end of the 
thesis. Other literature may be used and referred to through the remainder of the thesis, for 
example when dealing with specific modelling issues. 
2.1 The vehicle driveline 
The driveline or transmission of a vehicle is necessary to provide a method of transferring the 
torque and rotational speed of the engine to the road wheels, as the engine on its own cannot 
provide a low enough rotational speed or a high enough torque to overcome the inertia of the 
stationary vehicle. Additionally, the requirement for a wide range of vehicle speeds (for 
example, heavy traffic and motorway driving) means that the relatively narrow operating speed 
range of the engine must be augmented in order for the desired range of vehicle speeds to be 
achieved. This is the role of the transmission. As an example, a typical family vehicle may have 
a usable engine speed range of 1000-6500 rpm, giving a ratio of 6.5:1; while the desired vehicle 
speed range could be from 10-240 km/h, giving a ratio of 24:1. Therefore, there is a necessity 
for variable-ratio gearing to accommodate this disparity. Using the figures mentioned here, a 
gear ratio range of 3.7:1 is necessary. 
 
The vehicle driveline can be described as being a highly nonlinear, lightly damped assembly of 
active and reactive dynamic elements [4]-[6], with many modes of vibration which can be 
excited by a large number of sources [7],[8]. It incorporates several components to transmit the 
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energy from the engine to the wheels. In a manual transmission, the first of these is the 
flywheel, the inertia of which reduces the inherent torque fluctuations coming from the 
crankshaft, and the associated angular acceleration fluctuations. Next is the clutch, the primary 
functions of which are to smoothly connect and disconnect the gearbox to and from the engine 
(enabling the driver to change gear smoothly and move off from a stand-still) and to provide a 
further means of filtering out the larger torque fluctuations from the engine. The gearbox then 
follows, which usually consists of between four and seven gear pairs each with a different ratio 
in order to provide the necessary speed reduction described previously. From the gearbox, the 
drive torque is either transmitted directly to the differential and then on through the halfshafts to 
the wheels (in a front-wheel-drive vehicle), or via the propeller shaft to the differential and then 
on through the halfshafts to the wheels (rear-wheel-drive); assuming a front-engined layout. 
 
The incorporation of a transmission introduces more potential for backlashes to be present in the 
system, which can introduce and exacerbate a number of error-states. Practically, backlashes are 
unavoidable: they are required in all gear-meshing contacts [4], may be incorporated 
deliberately to prevent binding, and can be present as a result of loose couplings, wear, 
inaccurate assembly of the component or simply from poor design [9]. 
 
The error-states listed in Table 2.1 can all be perceived to adversely affect the so-called 
„driveability‟ of the vehicle. Driveability is a highly subjective factor, as it cannot be quantified 
in the same way that, for example, engine power or top speed can in order to compare vehicles. 
It broadly refers to how the vehicle responds to the driver‟s commands [10]-[13]. For instance, 
excessive oscillation or lag in the response can be indicators of a reduction in the driveability of 
the vehicle. Many car manufacturers use highly sophisticated rating scales to attempt to quantify 
the driveability of vehicles in some way, employing experienced test drivers to rate the response 
and „feel‟ of the vehicle when these error-states are present [10]. It has been suggested that the 
frequency range which influences driveability is in the 0-40 Hz region [12], although higher 
frequencies can still lead to unwanted noise which could give the impression that the vehicle is 
of low quality. 
 
Farshidianfar et al. [4] provide a summary of the most common error-states to which a vehicle 
driveline may be subjected. This is replicated in Table 2.1. 
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Frequency 
range (Hz) 
Excitation source Vibration type Linear / 
Nonlinear 
Error-state 
2-8 
Engine torque 
variation 
Torsional 
(Longitudinal) 
Linear 
Surge or shuffle or shunt 
(vibration) 
7-20 Clutch (stick-slip) Torsional Nonlinear 
Judder (vibration), 
„kangaroo‟ hopping 
200-500 
Clutch (combustion 
process in engine) 
In-cycle axial Nonlinear Whoop (vibration, noise) 
10-20 Prop-shaft joint angle 
Torsional 
(Bending) 
Nonlinear 
Vibration at start 
(vibration) 
20-50 
Engine torque 
variation 
Torsional Linear 
Wind-up (vibration, boom 
noise) 
20-50 Rotational unbalance Bending Linear 
Wind-up (vibration, boom 
noise) 
50-80 
Engine torque 
variation 
Torsional Linear 
Drive-train torsional 
vibration (boom noise) 
50-80 Prop-shaft joint angle Torsional Nonlinear 
Drive-train torsional 
vibration (boom noise) 
100-200 
Engine reciprocating 
moment of inertia 
Bending Linear 
Power-plant / prop-shaft 
vibration (boom noise) 
< 80 
Meshing of gear 
teeth 
Torsional Nonlinear Rattle (vibration, noise) 
200-500 
Meshing of gear 
teeth in lubricated 
contacts 
Torsional Nonlinear 
Whine, thud, grunt or 
clonk (vibration, noise) 
400-2000 Hypoid gear mesh 
Bending 
(Torsional) 
Linear 
Power-plant / prop-shaft 
vibration (boom noise, 
axle whine) 
500-5000 
Impact of teeth 
through backlash 
Torsional Nonlinear 
Clonk (circumferential 
and longitudinal waves 
along driveline tubes 
(vibration, noise)) 
Table 2.1 - Typical driveline NVH concerns [4] 
 
The most critical of the above error-states will now be discussed in detail, followed by a 
discussion of the present measurement and modelling techniques. 
2.1.1 Shuffle 
Driveline shuffle, sometimes also referred to as surge, the „bonanza effect‟ [14] and sometimes 
erroneously confused with shunt, is perhaps the most widely researched driveline error-state, 
and as such will form the largest section in this chapter. Shuffle can be described as being a 
fore-aft oscillation of the entire vehicle body, anywhere between 1-10 Hz [4],[7],[6],[10],[11]-
[13],[15]-[17], caused by a sudden change in engine torque demand, for example by throttle tip-
in or tip-out [4],[7],[8],[10]-[12],[15]-[17] – i.e. a sudden application or lifting-off of the 
accelerator pedal respectively. This phenomenon is more prevalent in lower gears, but can 
nevertheless still be felt in higher gears, albeit to a lesser extent. Figure 2.1 shows an example of 
a longitudinal acceleration trace for a tip-in/tip-out manoeuvre which clearly displays the shunt 
and shuffle-related oscillations. 
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Figure 2.1 - Throttle tip-in and its effect on vehicle acceleration [10] 
 
More accurately, „shunt‟ refers to the initial jerk of the vehicle during the manoeuvre, while 
shuffle refers to the subsequent oscillation of the vehicle body [10]. Both shunt and shuffle can 
cause discomfort to the occupants of the vehicle, as the typical shuffle frequency of between 1-
10 Hz corresponds to that of the human internal organs [4],[15]. While a similar frequency in 
the vertical direction is much less of a problem (for example, walking creates vertical oscillatory 
behaviour around the same frequency), an oscillation in the horizontal direction is much more 
uncomfortable to the human body – hence car manufacturers are keen to reduce such 
oscillations wherever possible. Shuffle is perhaps the most unwanted of the aforementioned 
error-states, as the others pertain to higher-frequencies which are much less of an irritant to the 
human body. With higher frequencies, however, comes more intrusive noise, which will be 
discussed later. 
 
Shunt can be caused by the presence of backlashes within the driveline [10]; most notably in the 
clearances between gear teeth within the gearbox. Using a tip-in from a coast situation as an 
example: as there is no torque transmitted through the gear teeth, when a torque input is applied, 
the clearances between the teeth have to be taken up before torque can continue to be 
transmitted. The engine „sees‟ no load and so its rotational speed increases, creating a sharp 
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„jerk‟ in acceleration once the teeth do finally mesh together [10],[15]. This meshing also often 
leads to an audible noise in the frequency range of around 300-6000 Hz [10],[15],[17] known as 
clonk or clunk. The mechanism for this is as follows [18]: when the driver‟s foot hits the throttle 
pedal, the vehicle is in coast, meaning the wheels are „driving‟ the remainder driveline from the 
halfshafts to the engine. As the air/fuel mixture to the engine increases, the axle torque increases 
to zero, where it remains while the engine accelerates through the lashes. After the lashes have 
been taken up, the torque becomes positive. The rise rate of the torque causes the high-
frequency metallic noise [18]. The first oscillation of the torque transient is the basic clonk 
response, which is discussed further in Section 2.1.4. This clonk is accompanied by a short-
duration, low-frequency boom or thud sound. The shuffle response, a low-frequency torque 
variation, follows and may last for up to one second. It is possible in severe cases for the axle 
torque to rebound and produce several clonk events [18]. 
 
Shuffle can be described as the coupling of the first torsional mode of the driveline with the 
fore-aft motion of the vehicle body [4],[7],[8],[10]-[13],[15]-[17]. The fact that the driveline 
incorporates several relatively large rotating inertias connected by lightly-damped shafts means 
that some form of oscillation is inevitable. This oscillation is made even more likely by the 
demand for higher-performance vehicles; the higher efficiency of which is achieved by reducing 
frictional losses which leads to reduced internal damping and therefore an increase in the 
susceptibility to unwanted oscillations [10]. Shuffle oscillations are most severe in lower gears 
due to the effect of the gear ratios on the effective inertia of the gearbox [15],[16]. It has also 
been shown that the parameters which have the biggest effect on shuffle are the inertia of the 
flywheel, transmission backlashes, clutch spring stiffness and the rate of torque application 
[10],[15],[17],[19]. 
2.1.1.1 Measuring shuffle 
The measurement of shuffle is generally carried out in the same manner throughout the 
literature. The thesis by Dufberg and Dyrkell [10] is mainly concerned with conceiving a 
method for objectively evaluating the severity of shunt and shuffle in place of using the highly 
subjective method of employing experienced test drivers to rate the severity of these 
phenomena. They provide a brief description of the procedure they used for measuring the shunt 
and shuffle phenomena in order to enable their method to be developed. An accelerometer was 
attached rigidly to the vehicle body, which recorded the instantaneous acceleration of the 
vehicle body during a given manoeuvre. In addition to the body acceleration, the position of the 
throttle pedal was also recorded. Two experienced test drivers were then employed to rate 
vehicle response and the shunt/shuffle severity during a series of tip-in manoeuvres to allow 
these ratings to be correlated to the recorded test data. The vehicle‟s control systems were used 
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for changing unspecified parameters to cover a wide range of „grades‟ on a scale of 1-10. Each 
manoeuvre was performed at the same engine speed in second gear. First gear was used on a 
few occasions to give low ratings due to the more rapid acceleration achieved in this gear. 
 
Enwall and Sjögren [20] use a slightly different method; measuring the displacement of the 
engine block and sub-frame using displacement gauges, crankshaft torque using strain gauges 
and vehicle body acceleration using an accelerometer during tip-in and tip-out manoeuvres, 
taking measurements in different gears and at different engine speeds. In order to develop a 
more thorough model, the authors also measure the lashes present in the driveline. They 
conclude that the only significant lash (with regard to shuffle analysis) is in the gearbox. 
 
Farshidianfar et al. [4] use the driveline from a light truck consisting of the flywheel, clutch, 
gearbox, two-piece driveshaft, differential and rear axle; fixing the road wheels to the ground, 
thereby incorporating all of the significant lash zones in the system. An impulse torque of 75 
Nm lasting 40 ms is applied to the flywheel, with accelerometers located at various points along 
the driveline recording the acceleration oscillatory responses of the system. 
 
Krenz [18] describes an experimental technique used for the measurement of shuffle, in addition 
to other driveline error-states. A vehicle is placed on a high-inertia chassis dynamometer. The 
vehicle itself is fitted with either a mechanical throttle stop or a programmable throttle actuating 
device in order to facilitate repeatable input conditions. It is also fitted with sensors which 
measure axle torque (strain gauges), longitudinal vehicle acceleration (accelerometers), inlet 
manifold pressure (pressure transducer) and engine speed (positional encoder). 
2.1.1.2 Modelling shuffle 
In the modelling of shuffle, as the focus of the analysis is on the first torsional mode of the 
driveline, a lumped parameter approach is often chosen [4],[11],[13],[14]. It has also been 
shown that reduced-complexity models are sometimes sufficient for investigating shuffle, 
namely those with fewer degrees of freedom (DOFs). „Lumped‟ refers to the assumption that all 
inertia is located in the primary contributors (i.e. the engine/flywheel, gearbox, differential and 
wheel rims) and that all stiffness and damping is located in the primary compliance contributors 
(i.e. the clutch, propeller shaft, halfshafts and, of course, the tyres [11]). The lumped parameter 
approach is ideal for implementation in a software package such as MATLAB and can provide a 
very straightforward representation of any driveline under investigation, in addition to easy 
visualisation of the effect of each component on the results. 
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Many of the models in the literature are simplified by neglecting factors such as tyre slip, yaw, 
pitch and roll, which could all be said to reduce the accuracy of the results, albeit to varying 
degrees. The reasons for these simplifications vary; including maintaining a low number of 
DOFs, the circumvention of the requirement for a suspension model to determine vertical 
forces, and the assumption that the rotational motions of the vehicle (i.e. pitch, yaw and roll) do 
not affect the propensity of the vehicle to shunt and shuffle. In addition, incorporating a more 
detailed tyre model will decrease the computational efficiency of the driveline model. There are 
two distinct groups of driveline models, one which assumes fixed wheels (e.g. [4],[17]) and the 
other allowing the wheels to roll freely (e.g. [7],[11],[14]). Within this second group, the models 
again vary; with some models using a simple kinematic relationship between wheel rotation and 
vehicle motion [21]; some using a torsional spring to represent the tyre torsional stiffness 
[20],[22]; while some use a basic macroscopic slip quantity [23],[24]. Fredriksson [12],[13] 
incorporates the damping effect of the tyres by increasing the damping coefficient of the 
halfshafts; however, tyre slip is again neglected. It can be said that this method will affect the 
accuracy of the results significantly, as the damping introduced by the tyre can vary 
significantly through a manoeuvre, as will be discussed later. 
In addition, as shuffle is assumed to occur with a fully engaged clutch and after any lash zones 
have been taken up, a linear analysis is often employed to simplify the model further [11]. 
Differential rotation between the wheels has not been incorporated in any of the literature, most 
likely for reasons of simplicity – insofar as a simulation model of the differential would be 
required for this to be included. This severely limits the scope of the investigations possible 
with these models; split-μ conditions, for example, would not be able to be properly investigated 
without at least a relatively simple open differential model. 
 
Pawar et al. [1] attempted to analytically capture the experimentally observed low-frequency 
fore-aft oscillation of the vehicle during first-gear part-throttle pull-away manoeuvres in cold 
climate testing on a low-μ surface. The authors constructed a virtual whole vehicle model to try 
to replicate these observations and find possible reasons for their occurrence. This model used a 
simplified longitudinal friction model to represent the tyre-road contact, achieved using a linear 
slip stiffness-based approach. It can be said that this type of model, albeit suitable for low levels 
of slip, would not be suitable in terms of accuracy to fully capture the effects that tyre dynamics 
have under these much higher slip conditions – as described in Section 2.2. However, the model 
was able to correlate (in terms of the shuffle frequency identified) with experimental data for the 
pull-away manoeuvre described above, despite the road conditions being different between the 
two tests – the experimental set-up used a split-μ surface, while the analytical test used a 
uniform low-μ surface.  A model of the driveline in isolation was also constructed. The purpose 
of this was to try to identify the primary excitation mechanism for the observed 5.5 Hz 
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oscillations. It was found that the first driveline vibration mode frequencies, in the region of 2-
2.5 Hz, did not correlate with the frequency response of the whole vehicle at 5.5 Hz. In an 
attempt to explain this, practical and virtual experiments were carried out to assess the effect of 
compliance in the powertrain mounts, which were found only to affect the fore-aft oscillations 
in magnitude only, and not frequency. The authors concluded that, therefore, the interaction 
between the tyre and road surface would be the final boundary condition to be investigated 
when examining the low-frequency vehicle response; more detailed modelling of this 
interaction would in theory go a long way towards solving this problem. This is one of the main 
aims of this current research. 
 
Enwall and Sjögren [20] develop a model (Figure 2.2) which neglects tyre slip, yaw, pitch, roll, 
damping nonlinearities and engine dynamics. The damping factors have been assumed from 
experimental results at a frequency which agrees with an expected shuffle frequency. The 
excitation source is defined directly as the torque applied to the flywheel, rather than calculating 
it from a more complicated engine model. The same method will be used in this project for the 
same reason of simplicity. Their model includes DOFs for the engine block, sub-frame, 
flywheel, transmission, wheels and the vehicle body. An input torque signal is used which was 
measured experimentally and filtered to remove frequencies above 30 Hz in order to reduce the 
influence from the higher frequencies associated with the combustion process. The goal of their 
model is to obtain a vehicle longitudinal acceleration trace which can then be compared to one 
measured experimentally. Lash has been included in the model by way of measuring the amount 
of lash present in the real vehicle, using switching logic to set the effective stiffness between the 
flywheel and wheels for when the torque is rising through the lash to zero for a certain 
bandwidth of rotation, and the „default‟ amount outside of this. 
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Figure 2.2 - Theoretical driveline model [20] 
 
The authors proceed to derive the equations of motion of their system, which are then 
implemented in MATLAB as a block diagram, with each block representing each component 
and its associated equations of motion, similar to some of the other research previously 
undertaken. Finally, numerous parameter sensitivity studies are performed to ascertain the effect 
of varying the value of certain parameters on the shuffle severity. For reasons of confidentiality, 
their plots have been normalised to disguise the numbers involved, meaning that a quantitative 
assessment of their results is not possible. In addition, it is not made clear in the plots what 
parameter values were initially used (i.e. the baseline results are not indicated). They also show 
the effects of varying the stiffness of various components, in addition to the lash profile used in 
their model. They conclude that good correlation to the measured data is achieved, while an 
increase in shaft stiffness and a reduction in tyre stiffness were both found to give a reduction in 
the shunt amplitude. 
 
Farshidianfar et al. [4] use a similar method in their model (Figures 2.3 to 2.5). Again, they 
derive the equations of motion for the system; making a few simplifications and assumptions, 
namely reducing the gearbox to a single module, neglecting the effects of the individual gear 
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inertias and the stiffness/damping characteristics of the intermediate shaft. A similar strategy 
has been employed for the differential. Their driveline system is considered after clutch 
engagement and the shafts are assumed not to contribute to the inertia of the system. Damping 
has been included in the formulation of the inertia contributors in addition to that in the 
compliance contributors, and two formulations for the clutch characteristics have been 
incorporated which, it appears, are selected depending on the angular displacement across the 
clutch. The halfshafts and drive wheels have each been simplified from two separate 
components to one equivalent component with equivalent stiffness, damping and inertia values. 
 
Figure 2.3 - Equivalent ‘branched’ driveline system [4] 
 
Figure 2.4 - Equivalent torsional driveline system [4] 
 
Figure 2.5 - Free-body diagram of driveline system [4] 
 
The authors demonstrate the advantages of using the „modular‟ approach, building their model 
in MATLAB and explaining that any driveline configuration can be modelled in this manner by 
using the individual component models (clutch, gearbox etc.) in the appropriate layout. Using 
this approach, an entire driveline system simulation model can be rapidly generated [4]. 
Following the derivation of the equations of motion for each block, the final model is presented 
in Figure 2.6, in which the parameter values in each block can be easily selected and revised 
where appropriate. 
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Figure 2.6 - MATLAB driveline model [4] 
 
Each block contains elements representing inertia, damping, stiffness, backlash and friction. 
Two methods are then proposed for solving the equations of motion, namely the „transfer matrix 
method‟ and time integration of the equations, and are finally compared to each other and 
experimental results. 
 
The model developed in [4] is enhanced by Farshidianfar and Ebrahimi in [17] by way of 
including two separate halfshafts and drive wheels rather than one combined component (Figure 
2.7). The block diagram of the model (Figure 2.8) is derived in exactly the same way as in [4], 
using the equations of motion of each DOF and performing Laplace transforms on each 
equation prior to implementation in MATLAB. Despite the inclusion of both rear wheels, a 
proper differential model was not included and so no speed differences between the two wheels 
can be modelled. 
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Figure 2.7 - Driveline system schematic [17] 
 
Figure 2.8 - Simulation model of driveline [17] 
 
Farshidianfar et al. proceed to develop a „hybrid‟ model, consisting of both lumped and 
distributed elements [7] (Figure 2.9). This is essentially the same model as used in [17], only 
with the propeller shaft and halfshafts represented by distributed elements instead. These 
contain the relationships between the applied torque and the resulting angular velocity in so-
called „finite-delay‟ form. Backlash is incorporated in the model using the existing backlash 
block in the MATLAB library, and setting it to an appropriate value. 
 
Figure 2.9 - Driveline simulation model [7] 
 
The hybrid model is simulated in comparison with a lumped parameter model identical to that 
used in [17] in order to determine any relative benefits of either approach through the 
investigation of shuffle and clonk (Section 2.1.4). Both models are run with and without 
backlash in order to determine the output of both models when this parameter is considered. 
Identical parameters were used for both models wherever appropriate. The authors conclude 
from the results of both sets of simulations that when backlash is not included, the lumped 
model performs equally as well as the hybrid model, which is attributed to the linear nature of 
the system when backlash is omitted. When backlash is taken into account, the nonlinearity 
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introduced reveals the inadequacy of the lumped model relative to the hybrid model. A 
frequency spectrum is presented for both models; while the hybrid model shows contributions at 
higher frequencies (attributed to the clonk phenomenon – Section 2.1.4), the lumped model does 
not. The practicality of using a lumped model in this situation is described as being „limited‟, 
and the good agreement with experimental data shows that the hybrid model is an excellent 
candidate for both shuffle and clonk analysis. 
 
The type of model used in [4],[7] and [17] is an easy-to-implement, easy-to-understand and 
easy-to-analyse method of representing a driveline of any layout in a simulation environment, 
and as such this procedure will form the initial basis of the modelling in this research project. 
 
Mavros [11], in a similar manner to Farshidianfar [4],[7], derives the equations of motion for a 
driveline model (Figure 2.10) which initially incorporates a simple representation of the tyre as 
a simple torsional spring. Internal damping is not considered for the primary inertia 
contributors, and the overall gear ratios of the gearbox and differential are employed to reduce 
the number of equations. This model does not include a detailed clutch stiffness model, using 
instead a constant stiffness and damping characteristic. Additionally, backlash is not included in 
any of the component blocks for reasons of simplicity. 
 
 
Figure 2.10 - Schematic of driveline model [11] 
 
The equations of motion are transformed into state-space form and solved numerically for a 
given torque input, using typical driveline parameters for inertia, damping and stiffness values. 
Following eigen-frequency analysis, in which the state-space matrices are manipulated to 
determine their eigenvalues and hence the damped natural frequencies of the system, the 
analytically obtained shuffle frequency of 2.4 Hz is confirmed by simulation of the same system 
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in MATLAB. A comparison of the oscillatory response when using a simple torsional spring for 
the tyre and a steady-state brush-based tyre model (Section 2.2.1.2) in conjunction with a 
transient relaxation length (Section 2.2.2) treatment is made in order to show the effects of a 
detailed tyre model on the simulation of shuffle. With the modified equations of motion now 
taking into account the tyre stiffness from the brush model and a transiently varying slip ratio 
(Section 2.2.2), a similar analysis is carried out which obtains the same shuffle frequency but a 
much more realistic attenuation of the oscillations. This basic approach already shows the 
effects of a more detailed tyre model on the simulation of driveline dynamic behaviour. 
 
Best [19] also uses a similar method to Mavros [11] and Farshidianfar [4] to construct a lumped 
parameter model of a front-wheel-driveline (Figure 2.11). The front differential is not separately 
modelled; instead its associated ratio and inertia are incorporated into a general „transmission‟ 
block along with the gearbox. The main objective for this particular investigation is to assess the 
influence of lash on vehicle driveline vibrations and the proposal for a control method thereof. 
 
Figure 2.11 - Driveline simulation model [19] 
 
  Chapter 2 – Literature  review 
 
21 
 
When compared to other similar investigations, 
this uses a slightly more detailed clutch force 
model, using nonlinear spring and damper rates 
to represent lashes of 10° at the clutch plate 
(Figures 2.12a,b). Further lash is included in 
the halfshafts, where a nonlinear axle stiffness 
profile is modelled (Figure 2.12c). With regard 
to tyre modelling, this model uses a simple 
linear force-velocity relationship which 
corresponds to the linear region of static tyre 
slip-force curves observed at low slip ratios 
[19]. The complete driveline model is 
represented in state-space form and solved for 
a step torque input (tip-in) for a range of 
„extreme‟ lash values, to demonstrate the effect 
that these have on the amplitude of the 
simulated shuffle oscillations. It is shown that 
doubling the clutch lash gives a small yet 
noticeable increase in the shuffle magnitude, 
while increasing axle joint lash gives a much 
larger increase over the result obtained using the original value. A more detailed tyre model than 
that used here would be likely to capture the more oscillatory driveline behaviour caused by 
lash, particularly that in the axle joints. This is in contrast to the results obtained by Enwall and 
Sjögren [20], who found that only gearbox lashes had a significant effect on the severity of 
driveline shuffle. 
 
Couderc et al. [22] use a relatively complex model in order to investigate various driveline 
dynamic behaviours (Figure 2.13). The model is split into subsystems; the driveline, chassis and 
engine. The driveline system is split into further subsystems; the flywheel, clutch, wheels, tyres, 
axle shafts and joints. It should be mentioned that their model is for a front-wheel drive vehicle, 
although it could relatively easily be adapted for a rear- or four-wheel drive vehicle. 
 
Figure 2.12 - Driveline nonlinearities [19] 
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Figure 2.13 - Driveline model schematic [22] 
 
In contrast to the other shuffle models, this incorporates backlashes between the gear teeth of 
the gearbox and differential (in additional to a much more detailed model of the gearbox itself), 
while the clutch stiffness follows a nonlinear profile similar to that used by Best [19]. The tyres 
are assumed to be connected to the ground with tyre slip neglected, while the contact between 
the tyres and the road surface is modelled with the tyre torsional stiffness and the longitudinal 
stiffness linking the rear chassis sub-frame to the vehicle chassis. A more detailed tyre model 
would obviously increase the accuracy of the results that this driveline model gives; however, 
with the additional components modelled, this would be to the detriment of computational 
efficiency. As this research progresses, models like this may be used for investigating the 
effects of backlashes and nonlinearities in the clutch. It is shown that this model gives good 
agreement with experimental results obtained with both test rigs and real vehicles. 
 
Rabeih and Crolla [24] construct a relatively complex model (when compared to the others 
described in this section) to investigate the coupling of torsional vibrations in the driveline and 
fore-aft/vertical body vibrations in trucks. The driveline model is split into two parts; a torsional 
part incorporating the components from the engine to the drive axle and a tyre/suspension/body 
part (Figure 2.14). The entire model has 18 DOFs, and neglects factors such as differential 
rotation of the wheels and rotational motions of the vehicle body such as pitch and roll. 
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Figure 2.14 - Driveline model schematic [24] 
 
The tyre model used in this investigation represents the tyre as having a massless 
circumferential band elastically connected to the carcass. This band is subjected to a 
longitudinal force which itself is a nonlinear function of wheel load and slip. The longitudinal 
tyre force is assumed to be the sum of the force caused by slip and that caused by rolling 
resistance and visco-elastic damping. This results in a longitudinal force Fl of 
   ttrl ckRzczkAF   1313114114          (2.1) 
The longitudinal force is a function of the tyre degrees of freedom – both translational and 
rotational. The authors suggest that as the tyre/road contact force varies with these motions, it 
can result in self-excited vibrations of the driveline system being induced under braking or 
acceleration conditions. 
De Arrilucea Santiró [15] uses a simplified 3DOF model in order to attempt verification of 
experimental results, combining the engine, flywheel and clutch inertias into one DOF; the 
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transmission and shaft inertias into another DOF; and the wheel and vehicle inertias into the 
third DOF. The representation of the tyres does not account for tyre slip, as the wheels and 
vehicle are assumed to rotate together. 
2.1.2 Rattle 
Rattle can be described as the noise radiated by the gearbox casing, which is caused by engine 
torque fluctuations and inertial imbalances, causing torsional vibrations which lead to the gears 
oscillating through the inherent backlashes [5],[25],[26]. These torque fluctuations cause the 
teeth of the individual gears to clash, transmitting the collision vibrations to the gearbox casing 
through the shafts and bearings, creating audible noise [5],[25], and potentially the sensation 
that the vehicle is of poor quality. Rattle can occur in neutral, drive and coast conditions, and 
appears to be more noticeable on warm days when the lubricating oil is thinner and the 
transmission components are at higher temperatures [5]. Although the information taken from 
[4] given in Table 2.1 from suggests that rattle only occurs around 80 Hz or less, it can also 
manifest itself at higher frequencies, particularly „creep rattle‟ under low load, low speed 
conditions such as crawling in traffic [26]. It is possible that the simulations in this research, 
with sufficiently detailed models, could detect such phenomena under the aforementioned 
traction conditions. 
 
Other factors which have been shown to affect the rattle phenomenon are the clutch 
characteristics – particularly the stiffness of the constituent springs and the dependency on the 
angular displacement across the clutch [25]. Also, as modern transmissions use constant-
meshing gear pairs, there is a much higher propensity for rattle as there are more gear teeth in 
contact. The unloaded gear pairs (i.e. all except the pair of the currently-selected gear) are all 
likely to contribute to rattle as the lack of loading upon them means they will be driven across 
the backlashes, which will then lead to impacts and the rattle noise [5],[25]. 
 
It can also be said that rattle is much more prevalent in manual transmissions, as they do not 
possess the high levels of viscous damping inherent to the hydrodynamic torque converters used 
in automatic transmissions, which suppress the gear teeth impacts [5],[25]. In addition, rattle is 
not exclusive to the gearbox, it can also occur at other stages in the driveline; namely bearings, 
splines and within the clutch [5]. 
2.1.2.1 Modelling rattle 
Brancati et al. [27] construct a detailed model of a vehicle driveline at idle, consisting of the 
flywheel, clutch and gearbox (Figure 2.15). As the system is in the idle condition, no load is 
applied to the output of the gearbox. 
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Figure 2.15 - Driveline model for investigation of rattle [27] 
 
The flywheel is connected to the gearbox via a nonlinear term which represents the clutch 
stiffness and damping. The model is developed in order to investigate the effect of the „oil 
squeeze‟ phenomenon between the impacting gear teeth on rattle. As such, this clutch/gearbox 
model is perhaps too complex for a general vehicle dynamics investigation. Numerous 
equations are derived for the gearbox, clutch, gear teeth contact and the oil squeeze effect, and 
are implemented into MATLAB for solving, using typical values for each of the parameters. 
2.1.3 Judder 
Judder, also sometimes known as clutch chatter or take-up judder, is a potentially violent low-
frequency (around 5-20 Hz [28],[29]) vibration of the vehicle that occurs during the clutch 
engagement process, e.g. during the start-up process or following a gearshift. While this 
phenomenon is affected greatly by the way the vehicle is driven, judder can also be inherent to a 
vehicle independent of the driver‟s input. 
 
Judder is generally accepted to be heavily influenced by the frictional characteristics of the 
clutch, in particular the μ-υ characteristics, where μ is the friction coefficient and υ the clutch 
slip speed, in addition to the inertia of the remainder of the driveline [28],[29]. It is also reported 
that the relationship between slip speed and friction coefficient is not the only condition under 
which judder can occur and that judder is a resonance of the system, excited at the frequency of 
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slipping of the plate [28]. The torsional vibrations which lead to judder are induced by stick-slip 
conditions at the clutch friction disc contact interfaces with the flywheel and pressure plate [29]. 
During the clutch engagement process, the friction torque acts upon the friction surfaces of the 
clutch as a force which engages the driveline. Some of the energy transmitted is converted into 
other forms of energy by positive damping effects. If the damping becomes negative, some of 
the energy transmitted can induce self-excited vibrations, leading to judder [28],[29]. Centea et 
al. [28],[29] demonstrate analytically and numerically that if the gradient of the friction 
coefficient with slip speed is negative, then the driveline damping can be either positive or 
negative, i.e. if 
nF
c





            (2.2) 
then the damping coefficient c is positive, meaning that the system is stable. Alternatively, if 
nF
c





            (2.3) 
then the driveline‟s damping coefficient is negative and the vibration system becomes unstable, 
self-excited vibrations will be exhibited and judder will be induced. In Equations (2.2) and 
(2.3), Fn refers to the clamping load on the clutch. 
2.1.3.1 Modelling judder 
Bartlett and Whalley [30] use a similar method to Farshidianfar [7], in that they represent the 
driveshaft of a simple transmission in distributed, rather than lumped, form in order to capture 
the “propagation of torsional speed wave variations along the transmission shaft” [30]. The 
authors perform simulations and compare the results of these to analytical results; however no 
comparison is made to experimental results or to those obtained with a lumped parameter 
model. This distributed parameter method is undoubtedly more difficult to implement in a 
simulation environment due to the more complex mathematics involved; a study could be 
carried out to determine the relative performance and computational efficiency of both methods. 
 
Centea et al. [28],[29] use a different approach, constructing a detailed nonlinear multi-body 
dynamic model of a cable-operated clutch system using the ADAMS package, including all of 
the assembly constraints present in the real system, along with the nonlinear stiffness and 
damping, and the driveline and vehicle inertia components. The authors investigate four 
different materials with different friction characteristics to determine the effect on judder. 
Experimentally obtained μ-υ characteristics for each material are modelled with third-order 
polynomials, followed by investigations for each material which each show different oscillatory 
behaviour during the clutch engagement process. They find that the materials with a positive μ-υ 
gradient exhibit the lowest judder amplitudes, and that the one material used which has a 
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negative μ-υ gradient exhibits the worst judder characteristic, as described in Section 2.1.3. The 
authors conclude that their simulation results are a good match to on-vehicle test data from 
Ford. 
 
Crowther et al. [31] develop a 4DOF powertrain system, comprising the engine/flywheel, the 
input side of the clutch, the output side of the clutch and the driveline/vehicle inertia. The clutch 
is joined to the vehicle and flywheel inertias respectively by shaft stiffnesses, while the two 
clutch elements themselves are joined by a frictional contact. Typical parameter values are used 
in this model, which were not derived from a real vehicle. Stability analysis is performed in 
order to determine the eigenvalues of the system matrix and hence find the natural frequencies. 
Similar to other authors, they also find through this analysis that with a negative μ-υ gradient, 
the system has two unstable roots and therefore will exhibit the self-excited oscillations intrinsic 
to judder. The authors then modelled the same system in MATLAB (using the equations of 
motion derived for the 4DOF system) and simulate each friction gradient, obtaining the same 
results as obtained from the stability analysis. A simulation model of a full driveline is then 
developed from the work carried out by the same authors in [32], incorporating a highly detailed 
automatic transmission and differential. Stability analysis is again carried out with the same 
results achieved as before. The driveline model developed is of comparable complexity to the 
models used for investigating shuffle, with the exception that the automatic gearbox is modelled 
in much more detail. This type of approach, although it would increase the accuracy of the 
results, would be much more computationally expensive due to the higher number of 
components modelled in the gearbox. 
2.1.4 Clunk/clonk 
This phenomenon, referred to by either of the onomatopoeic names given above, and also 
known as „load-shift knock‟ [33] can be related to shuffle [8],[18],[34] and rattle, in that it is 
associated with the sudden take-up of lash in the driveline; either during the initial shunt phase 
mentioned in Section 2.1.1, or perhaps concurrently with rattle (Section 2.1.2). For the 
remainder of this research, the term „clonk‟ will be used. 
 
As mentioned in Section 2.1.1, clonk can be said to be closely related to the shunt/shuffle 
phenomena [7],[10],[15],[17], in that it often occurs on the first cycle of the shuffle oscillation; 
but can also occur on subsequent cycles in very severe cases [6],[8]. It originates from the initial 
jerk of the vehicle caused as the backlashes are taken up within the transmission, which causes 
load reversals; and can be described as a short-duration (varying between 0.25 and 5 ms 
[6],[7],[8],[35]) audible noise in the frequency range of around 300-6000 Hz 
[6],[10],[15],[17],[34]. The metallic nature of this radiated noise is the reason for its 
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onomatopoeic name. It is induced in a similar manner as shunt and shuffle, particularly under 
abrupt clutch actuation and tip-in/tip-out [35], and is most noticeable in slow-moving traffic [7]. 
 
Clonk can also manifest itself as a result of combined torsional and bending modes; leading to 
flexural responses of the driveline‟s thin-walled tubes, causing (possibly disconcerting) radiated 
noises [7]. The short-duration jerk acts as an impulse to these modes [34]. 
2.1.4.1 Measuring clonk 
Many clonk investigations are performed as subjective tests within the vehicle industry and are 
therefore not published in the literature [8], in contrast to the previously discussed and heavily 
investigated area of driveline shuffle. However, one experimental procedure is presented by 
Biermann and Hagerodt [23], for a front-wheel-drive vehicle as a means of validating the 
simulation work that they subsequently carry out, showing that repeatable tests can be achieved. 
Their transmission test rig (Figure 2.16) had a preload torque applied to it which is then 
suddenly released in order to excite the transmission. 
 
Figure 2.16 - Driveline test rig for clonk measurements [23] 
 
The variables measured in this instance are torques and angular accelerations. Menday et al. [8] 
present a similar experimental set-up using the driveline from a typical two-piece light truck, 
including all the components from the flywheel to the rear wheel hubs – thereby including all 
significant lash zones in the driveline. A preload torque is applied to the system in order to take 
up all the lashes and to compress the clutch springs. The hubs are fixed such that they cannot 
rotate, and measurements are taken using a large number of accelerometers. The authors 
conclude that this method offers repeatability and simplicity in the taking of measurements. 
2.1.4.2 Modelling clonk 
Following the experimental procedure described above, Biermann and Hagerodt [23] replicate 
the test rig as a simulation model (Figure 2.17) in order to attempt to match the results seen 
experimentally. 
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Figure 2.17 - Simulation model for clonk investigation [23] 
 
The agreement between experiment and simulation is qualitatively very good, with only a few 
discrepancies in the acceleration responses at various locations on the rig, from the flywheel to 
the final drive elements. The authors then attempt to transfer their findings from the rig 
simulation model to a vehicle model under driving conditions, which involved replacing the 
fixed wheel hubs of the rig with a wheel and tyre model. The results are not as well matched as 
the simulation results, but are still representative of those seen experimentally. The tyre model 
is a simple torsional spring; clearly in this instance a better tyre model would enhance the 
accuracy of the results. The additional damping included may cause the results to deviate further 
from those seen on the test rig as the rig only uses fixed hubs, however the simulation results 
would probably be closer to those seen on a real vehicle. 
 
Biermann and Hagerodt‟s investigation [23] was extended from the front-wheel-drive layout to 
a rear-wheel-drive layout by Vafaei et al. [6]. The authors report that, similar to the findings 
from the research upon which their work is based, the experimental rig results correlated well 
with those obtained in vehicle tests. 
 
Menday et al. [8] attempt to extend this work by modelling a rear-wheel-drive vehicle. Their 
models consist of finite element analysis (FEA) representations of the driveshafts in three 
forms: hollow, foam-filled and wound with steel strips. This method is not particularly suitable 
for a whole vehicle dynamics study, as FEA models are highly computationally expensive when 
compared to other methods such as the lumped parameter approach described previously. 
Although the relative accuracy of the results can be said to be much higher with FEA models, 
the corresponding increase in computing effort does not currently permit FEA models to be 
used for the investigation of driveline vibrations in the context of this current research. 
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Gilbert et al. [36] present a lumped parameter model similar to that described above for the 
shuffle investigations (Figure 2.18), with a few notable differences. Firstly, lashes are present 
between elements of the gearbox and differential, in addition to the input and output shafts of 
these components. 
 
Figure 2.18 - Schematic of clonk driveline model [36] 
 
The shafts themselves are divided into two mass/inertia elements separated by a spring and 
damper representing the shaft‟s compliance characteristics. The lashes were included in order to 
capture the higher-frequency responses (of which clonk is one) which a simplified model 
cannot. The rationale for this is that without lash included, the response will be sinusoidal 
regardless of the input conditions. The model successfully captured the fundamental cause and 
dynamics of the clonk event, identifying that it is the engine inertia and the torsional compliance 
of the axle shafts that are the primary contributors to the clonk phenomenon. 
2.1.5 Driveline vibration control methods 
In the literature, several methods are proposed for controlling or minimising the driveline error 
states described previously, which will be briefly discussed here. 
Shuffle 
Several methods have been suggested and tested in the literature to control shuffle, which could 
be said to be the most unsettling of driveline vibrations to the vehicle occupants. Stewart and 
Fleming [16] suggest electronic throttle control in conjunction with a torque controller to 
„shape‟ the vehicle response to a tip-in manoeuvre. Best [19] compares two different methods 
used for controlling the applied torque (and therefore the acceleration of the vehicle) by 
regulating the system states from an initial condition to steady-state with respect to a reference 
torque demand and defining a „cost function‟ to minimise the error in vehicle acceleration by 
restricting the torque demand from the driver. It was found that a linear-quadratic regulator 
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(LQR) controller offered good control of shuffle; however, no level of optimisation of the 
controller could significantly reduce the adverse effects caused by the presence of lash. 
Farshidianfar and Ebrahimi [17] suggest four broad areas for reducing driveline vibrations, 
namely: eliminating the cause of the vibration by reducing the lashes in the driveline; tuning the 
system parameters such as stiffnesses and inertias; adding damping by installing a viscous unit 
in the driveline; or actively controlling the applied load to the system by controlling the engine 
torque. Fredriksson [12],[13] investigates this using the electric motor in hybrid vehicles to 
actively damp out the oscillations induced during acceleration, and using „active engine 
control‟, i.e. using the engine itself as an actuator to achieve active damping. Pettersson and 
Nielsen [37] develop a control strategy which takes into account the torsional vibrational 
behaviour of the halfshaft, determined by the authors to be the main flexibility within the 
driveline. Their strategy calculates the necessary amount of fuel to apply a corrective torque 
acting in the opposite direction to the driveline oscillations. 
Shunt 
Baumann et al. [21] propose a controller which models the effect of the torque pre-emptively 
and, if necessary, applies a correction torque reduction in order to minimise the jerk (or shunt) 
response of the vehicle. In experimental tests the authors‟ method successfully reduced 
oscillations at all engine speeds for tip-in and tip-out and, most importantly, maintained a fast 
enough response of the vehicle to the driver‟s inputs. 
Rattle 
Brancati et al. [27] suggest that gear rattle can be greatly reduced through careful selection of 
certain clutch parameters, for example the multi-stage spring stiffnesses. It is also suggested that 
a dual-mass flywheel can be used in order to negate some of the effects that the engine 
irregularities have on the driveline. However, this type of component is relatively expensive and 
as such cannot be applied to everyday family vehicles. Meanwhile, Doğan et al. [38] propose 
and evaluate a number of pre-manufacture methods that can be used for controlling transmission 
rattle and clatter. These include changes to the physical geometry of the gear pairs themselves, 
changing the degree of backlash present and using elastomeric or magnetic materials to reduce 
axial impacts. Rattle can also be palliated by the use of a dual-mass flywheel (DMF), as 
investigated by Fudala et al. [39]. However, a DMF can introduce several disadvantages, 
including a significant cost increase, increased engine torsional vibration due to lowered 
flywheel primary inertia and the migration of other frequencies into the operating range. 
Clearly, some of these measures are easier to implement than others; however, higher 
performance vehicles would be the most likely candidates for such measures, taking into 
account the already higher price of these vehicles. 
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Clonk 
Theodossiades et al. [35] investigate the effect of a DMF on the clonk phenomenon. They find 
that although overall amplitudes are similar to those seen with a single mass flywheel, the 
modes related to the metallic nature of clonk are not excited. They conclude that the DMF is a 
good method of reducing the clonk response as it transforms it into a milder form of radiated 
noise. Biermann and Hagerodt [23] suggest two remedial measures for the reduction of clonk, 
namely a reduction in the inertias of the various transmission components and a reduction of 
their angular speeds. These methods are proposed as the product of the speed and inertia forms 
rotational impulses, the sum of which is responsible for the clonk noise [23]. The first measure 
is said to be dependent on the structural and durability demands of the driveline, in addition to 
interference with other error states such as shuffle. The second method would require tuning of 
the stiffness, damping and clearance characteristics of the various components. Other palliative 
measures proposed include changing the damping characteristics of the clutch. Filling the shafts 
with foam [8] or cardboard [40] could also reduce the clonk phenomenon. 
  
Krenz [18] presents a series of potential considerations that could help to reduce or avoid clonk 
at the design stage. These include maintaining the most appropriate air/fuel mixture through 
torque transients – a rapid throttle opening can produce a „lean spike‟ which causes the engine 
to stumble, allowing air flow rates to reach a maximum before the torque rise occurs. The most 
appropriate solution for this, according to the author, is using electronically operated drive-by-
wire throttles which allow the engine torque rise to be tailored to suit all running conditions. 
Lashes, as described in Section 2.1, are required between gears in order to allow them to 
function properly. A manual transmission contains fewer load-carrying gear pairs than in the 
planetary gear systems found in many automatic transmissions, and therefore fewer sources of 
lash. Multi-stage clutches, used for the control of rattle noise in when the engine is idling and 
the transmission in neutral should also be avoided as they introduce perhaps more than double 
the total lash [18]. On the other hand, fluid couplings and torque converters used in automatic 
transmissions are very effective at controlling clonk responses and other driveline disturbances. 
Introducing more compliance torsionally in the driveline or longitudinally between the 
suspension and vehicle body can also reduce clonk severity, but potentially increase that of the 
shuffle response. Krenz [18] also details some add-on measures that have been tried but have 
some drawbacks. These include using a dashpot or damper to control the rate of throttle tip-out 
(could cause the engine speed to stay abnormally high during a manual gear-shift, decrease fuel 
economy and increase emissions), using compliant driveline couplings to reduce torsional 
excitations into the body from clonk (difficult to obtain enough torque capacity to prevent the 
coupling „bottoming‟ during normal use due to the low stiffness required to significantly reduce 
clonk), using clutches with a regulated torque-carrying capacity in automatic transmissions in 
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order to allow the clutch to slip if the torque transient exceeds its instantaneous capability, 
thereby reducing or eliminating clonk (requires sophisticated control systems and causes 
significant clutch wear) and retarding the spark ignition in order to control the torque rise in the 
engine (requires sophisticated calibration and control systems). 
2.2 Pneumatic tyres 
The pneumatic tyre provides the only contact between the vehicle and the road, and as such is 
ultimately responsible for the motion of the vehicle. The tyres are also largely responsible for 
the ride and handling characteristics of the vehicle. Good ride comfort can be described as being 
how well the vehicle shields the occupants from the macroscopic irregularities in the road 
surface, while good handling could be described as being how well the vehicle responds to the 
driver‟s inputs, and how little oscillation and lag there is in that response [41]. Although the 
suspension set-up and chassis stiffness have a major part to play in both of these areas, the tyre 
is ultimately responsible for generating the control forces required to operate the vehicle. The 
tyre could also be described as being a „motion transformer‟ [11], converting the rotational 
motion of the wheel rims into the translational motion of the vehicle body. In relation to the rest 
of the driveline, the tyre is significantly more compliant, as a result of the tyre needing to act as 
a filter for road irregularities as mentioned previously [11]. 
 
Tyre modelling in vehicle dynamics studies began with the incorporation of raw tyre test data 
into vehicle models. This data was obtained from various experimental measurements on tyre 
testing rigs, was set up in a tabular format and subsequently interpolated during the simulation. 
Not only was this method prohibitive to any changes in design parameters, but also very 
computationally expensive – particularly if the investigation included both lateral and 
longitudinal slip inputs. This led to the advent of empirical tyre models which could fit 
equations to the measured data and then be used for calculating the tyre forces analytically. 
These can range from relatively simple models with only a few parameters, to highly complex 
models with upwards of 50 parameters. Additionally, work has also been performed to represent 
the tyre in a more physical manner; focusing more on the tyre‟s structural properties. More 
recently, models which can capture transient tyre behaviour have been developed, further 
enhancing the accuracy of the models themselves and the vehicle models into which they are 
incorporated. 
 
There exists a vast array of modelling solutions for tyres in the literature, some of which will be 
discussed in the following sections. The two main areas in the field of tyre modelling are 
steady-state and transient models,  each of which can also be divided into sub-groups. The main 
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focus in this section will be on those models aimed at (or at least suitable for) use within vehicle 
dynamics studies. 
2.2.1 Steady-state tyre models 
Steady-state models aim to calculate the shear forces and moments developed at the contact 
patch as a result of a time-invariant longitudinal and/or lateral slip ratio, camber and vertical 
load [11]. 
2.2.1.1 Empirical/semi-empirical models 
As the name suggests, semi- and fully-empirical models do not have a physical basis to their 
development. Often, tyre force data will be obtained through experiments and then „matched‟ by 
fitting curves to this data, or simply interpolated to find the resultant forces for a given slip 
input. This type of model is typically used in vehicle dynamics simulations [42]. Perhaps the 
most famous and commonly used empirical model is the so-called Magic Formula tyre model 
[43],[44], developed by Pacejka and Bakker. This model is capable of accurately describing 
steady-state tyre force/moment characteristics for (in its basic form) pure longitudinal or lateral 
slip conditions and combined slip with the use of an extension. The formula for pure slip is 
      BxBxEBxCDxy arctanarctansin         (2.4) 
where B, C, D and E are the formula coefficients and y(x) the force or moment developed at a 
given slip input x. This model uses the practical slip quantity as its input – this is defined as the 
ratio of the sliding speed of the tyre contact patch to the forward speed of the vehicle. The 
formula coefficients remain constant for a given vertical load and camber angle, and can 
accommodate a shift with respect to the origin due, for example, to rolling resistance. The 
abscissa x can be either lateral slip or longitudinal slip. A typical Magic Formula curve is shown 
in Figure 2.19. 
 
Figure 2.19 - Typical tyre force curve produced by the Magic Formula [43] 
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It is clear that D represents the peak force value and that the product BCD equates to the initial 
slope at the origin. Meanwhile, C controls the shape of the curve, while E controls the curvature 
at the peak and the location of the peak on the x-axis. From the easily identifiable values of ys 
and D, the value of C can be obtained from 
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from which the coefficient E can then be calculated (using the above value for C and the value 
of xm from Figure 2.16, along with the value of B estimated from the initial slope) from 
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From a simulation perspective, this formula can be easily implemented in the simulation 
environment of choice, taking the slip quantity as input and outputting the lateral or longitudinal 
force, or self-aligning moment, as required. As mentioned already, the formula coefficients hold 
only for one value of vertical load, as can be seen from Equations (2.5) and (2.6), they each 
depend on D, which itself is the product of the vertical load and road surface coefficient of 
friction. To be used in a full vehicle model, a system would need to be implemented whereby 
the coefficient values could be updated as and when the vertical load changes, for example 
under acceleration or braking. As tyre testing needs to be carried out in order to obtain real-
world data from which the coefficients can be derived, this model is not suitable for tyre design 
or performance studies as the tyre would need to be built prior to testing. From a vehicle 
dynamics point of view, as the tyres usually already exist and have been tested, sufficient data 
should already be available for this purpose. As already mentioned, this model can have 
extensions added which can allow an almost infinite range of tyre data to be modelled. 
Disadvantages include the possibility that upwards of 50 parameters [43] may be needed to 
define a particular tyre model and extensive software programs may have to be written to derive 
these. The fact that the parameters have little or no physical significance to the actual structure 
of the tyre is another disadvantage, as physical changes to the tyre may be difficult to implement 
into the model. Almost unparalleled accuracy with respect to measured data is, however, 
possible with the Magic Formula and its myriad of additional parameters. 
 
Another method described by Pacejka [44] is the so-called „similarity method‟. This method is 
based on the notion that measured tyre force curves have similar appearances despite variations 
in operating conditions. As an example, if the vertical load increases (for instance under 
acceleration) it would be expected that the peak braking force would also increase – but that the 
overall shape of the slip versus longitudinal force graphs would remain the same. The real 
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benefit of this method is to enable one set of Magic Formula parameters to be derived from 
measured data which can then be used for different loading conditions, enabling simulations to 
be run that include a varying vertical load with relative ease. This method does, however, need a 
large amount of experimental data to have been obtained to enable an accurate assessment of the 
Magic Formula parameters to be made. In order to demonstrate this method, if the longitudinal 
force for each case is normalised by the respective peak value in each load case, the peak would 
then become equal to unity. Next, the actual slip quantities are normalised by the value of slip at 
which the peak force value occurs, thereby obtaining the same initial slope on each graph. 
Applying this to the Magic Formula (with reference to [45]), if a set of normalised tyre force 
data is plotted against the normalised slip input, the value of D in Equation (2.4) would be equal 
to unity as the peak normalised value is also unity. The initial slope (the product of coefficients 
BCD) is also equal to unity as a result of the normalisation process. This gives a value of B = 
1/C as D = 1. The Magic Formula can then be written as 
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using the normalised values of longitudinal force and slip as described above. Parameter C is 
obtained from Equation (2.5), either using the original or normalised data [44], while E is 
obtained using the normalised data with Equation (2.6). This formula can then be used for 
simulations for the same tyre under various boundary conditions, which is obviously very 
appealing with regard to vehicle dynamics simulations involving longitudinal load transfer, for 
example under braking or acceleration. This method is also easily adaptable for lateral and 
combined slip conditions if required. 
 
The review paper of Pacejka and Sharp [46] presents an empirical model from Szostak et al. 
[47], which proposes a third-order function, Equation (2.8), for the slip-force curve. This uses 
the theoretical slip quantity (Equation 2.8) σ as its input, rather than the practical version as used 
by the Magic Formula. 
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where μ is the coefficient of friction, C the slip stiffness, Fz the normal load and the coefficients 
a1…4 shape the curve as required to match measured data. The review paper authors report that 
no mention of the degree of fit is provided in the original paper and so no comment can be made 
upon its suitability for use. They also describe a model by Schieschke [48] which uses two 
functions to describe a cornering force-slip curve, which could probably be modified to apply 
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also to longitudinal force. The first part of the curve, up to the maximum force Fm where the 
corresponding slip angle is αm, is given by the parabolic function 
2
21  aaFy             (2.9) 
with 
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After the maximum Fm, a similar parabola (Equation (2.11)) is used for modelling the remainder 
of the curve, using a different, variable scale for α. 
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where αs is the value of the slip angle where the force reaches the asymptotic value Fs, 
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The value of αs can be determined from Equation (2.9) by setting Fy = Fs. The review authors 
state that two main disadvantages of this method are that it is in two parts and that a curve 
without a maximum cannot be generated. If a longitudinal force version were to be produced, 
this should not be a disadvantage as the longitudinal force-slip curve does usually display a 
maximum. One advantage is that the curve characteristics are easily correlated to the function 
parameters. However, no mention is made in the original paper of the degree of fit between the 
function and the experimental data. Another model described in the review paper is that of 
Rimondi and Gavardi [49]. They divide the force-slip curve into two regions: an elastic and a 
friction component. A lateral and longitudinal force model is described; however, only the 
longitudinal version is presented in this present review. The complete expression is 
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where C is the longitudinal slip stiffness and A a shaping factor. These parameters and the 
coefficient of friction are vertical load-dependent. The authors report that good correlation is 
achievable with experimental data, and that the limited number of parameters is advantageous. 
This would make this particular model attractive for use in vehicle dynamics simulations. 
 
Allen et al. [50] develop a model that can be used for both on- and off-road conditions. As an 
overview, the model computes a composite slip parameter (which can obviously be reduced 
down to pure cornering or traction if required) used for calclating a force saturation function, 
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which is finally used for calculating the resultant tyre forces. The formulation is similar in 
philosophy to Pacejka‟s similarity method [44] described previously, using normalised slip and 
force functions to arrive at the final forces produced. One major difference is that the model is 
able to simulate various surface conditions through the use of the aforementioned force 
saturation function. This is comprised of five shaping parameters that can be adjusted to 
accommodate the full range of on- and off-road surface conditions. The rationale for this is to 
enable off-road conditions to be simulated,  where the tyre contact patch penetrates the effective 
ground plane, causing increased rolling resistance and „ploughing‟ forces due to soil 
displacement. This model would be reasonably easy to incorporate into a vehicle dynamics 
study, and could also be extended to use a transient slip quantity (Section 2.2) to enhance its 
accuracy. 
 
Hirschberg et al. [51] present a steady-state empirical model which although similar in 
philosophy to the Magic Formula, is much less compact. It divides the force-slip curve into 
three sections (Figure 2.20); adhesion, stick-slip and full sliding. 
 
Figure 2.20 - Typical tyre force-slip curve [51] 
 
The curve itself is defined with so-called „characteristic parameters‟; namely the initial slope, 
location (in terms of the slip ratio) and magnitude of the maximum force and the sliding limit 
slip ratio and corresponding force. Once these parameters have been set, the longitudinal force F 
is calculated as follows: 
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where s is the current slip ratio, smax the slip ratio at which the maximum force is generated, 
ssliding the slip ratio at which full sliding begins, Fmax the peak longitudinal force, Fsliding the force 
generated at full sliding and ∂F0 the initial slope of the force-slip curve. While there are a 
similar number of parameters to the Magic Formula (taking into account those needed to 
calculate the various coefficients), it is clear that this model is not as compact, and the 
requirement for a switching logic dependent on the value of slip is inconvenient, albeit 
straightforward. This model shows seemingly good agreement with measured data. 
2.2.1.2 Physical models 
In contrast to the empirical models described above, physical tyre models aim to describe the 
physical processes involved in tyre force generation mathematically [11]. They are based on the 
physical structure of the tyre and the manner in which the tread interacts with the ground. These 
models can be relatively simple or enormously complex, requiring a crucial decision to be made 
when performing vehicle simulations regarding the compromise between accuracy and 
computational efficiency. It is, however, common for some level of empiricism to be present in 
these models, as tyre test data is often used for verification of the accuracy of the results [41] 
and, if necessary, to „shape‟ the resulting plots to match experimental results more closely. 
 
The review paper of Pacejka and Sharp [46] identifies that many physical steady-state models 
are based on the assumption that the tyre can be represented as a rigid disk with a row of 
flexible bristles distributed around its perimeter. This notion has led to this type of model being 
categorised as „brush models‟. Physical models, although based on the physical phenomena 
involved, often produce force curves that are not as well-matched [45] to those produced by 
empirical models such as the Magic Formula. 
 
A typical brush-type model is described in detail by Mavros in [11] (Figure 2.21). 
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Figure 2.21 - Brush model schematic [11] 
 
Figure 2.21a shows a free-rolling tyre, represented by a rigid disk with a single row of bristles 
around its perimeter. The motion of a single bristle can be considered to be representative of 
every bristle as it is assumed that they each follow the same path. The same method can be used 
for assessing the tyre forces generated due to the application of a tractive torque. Figure 2.21b 
shows a tyre under traction. As a result of the torque application, the wheel rim rotates faster 
than its instantaneous forward speed. This difference in speed (i.e. ΩR-Vx) is assumed constant 
in steady-state conditions. A bristle enters the contact patch at the leading edge and its tip sticks 
to the ground through friction. The base of the bristle travels backwards with respect to its tip 
with a speed equal to ΩR-Vx. This motion causes a deflection rate equal to this speed, which 
after a given time interval Δt will give a deflection equal to Δt(ΩR-Vx). Referring to Figure 
2.20b, it can be shown that this time interval is equal to 
R
xa
t


           (2.15) 
where x is the position of the bristle along the contact patch. Therefore the deflection can be 
written as 
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where σx is the theoretical slip quantity. This deflection holds true only when there is no sliding 
in the contact patch, i.e. under very low-slip ratios and/or high vertical loads. The longitudinal 
force is obtained by integrating this deflection over the contact patch length and multiplying by 
the bristle stiffness Kx, giving 
22 aKF xxx            (2.17) 
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At higher slip ratios, the longitudinal force developed by the bristle exceeds the friction force 
keeping the bristle stuck to the ground due to a more rapid build-up of bristle deflection. The 
point at which this occurs is known as the transition point xt, which can be calculated from 
zs
xx
t
F
aK
x


3
4 3
          (2.18) 
assuming a parabolic vertical load distribution, and where μs is the static coefficient of friction 
and Fz the vertical load reacted at the contact patch. The longitudinal force Fx can then be 
obtained from 
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where μk is the coefficient of kinetic friction. This model uses a very simple approximation of 
the tyre friction. A relatively simple method to improve the accuracy of this brush model is 
proposed by Mavros in [11], using a sliding speed-dependent expression for the kinetic friction 
coefficient which can be substituted into Equation (2.19). This combination is very attractive 
from a vehicle dynamics simulation perspective. In order to make this model even more 
accurate, carcass compliance can be introduced to model the transient behaviour caused by the 
tyre not responding instantly to a change of input [43]; instead, the carcass develops its 
distortion through rolling a certain distance. This is discussed further in Section 2.2.2. Many 
other enhancements can be made to the simple brush model to improve its accuracy. Some of 
these, however, are not particularly attractive for vehicle dynamics simulations due to their 
increased computational expense. 
 
Sharp and El-Nashar [52] present another brush-based model, this time consisting entirely of 
bristles, with no central disk. The bristles are uniformly distributed around the circumference 
and are all interconnected through the centre point of the wheel O (Figure 2.22): 
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Figure 2.22 - Brush model schematic [52] Figure 2.23 - Bristle motion for pure longitudinal slip 
[52] 
 
The authors present a case in which only longitudinal motion is considered, with the rolling 
speed of the wheel and the speed of the vehicle kept constant. They proceed to derive a system 
of equations following the assumption that the bristle tip will, on a flat road, be at the same 
height from one time step to the next and have the same longitudinal position with respect to the 
global coordinate system. If there is sufficient friction to prevent sliding, the normal force 
applied to the bristle tip by the ground can be calculated along with the longitudinal force. If the 
longitudinal force is greater than the product of the normal force and the coefficient of friction, 
the bristle tip will slide, for which the authors derive equations for the sliding distance and 
velocity. This model follows an iterative procedure to calculate the forces during sliding. The 
forces are stored and the next bristle position considered. This entire procedure is then repeated 
until the bristle leaves the contact area. Summing the stored forces for each time step gives the 
force system for the whole contact area. This model is most easily implemented in a 
computational environment due to the large number of calculations involved, and lends itself 
well to a vehicle dynamics study. The model had not been quantitatively tested by the authors; 
however, it appears simple to select the model parameters for a given tyre. It is also suitable for 
use when investigating a stationary tyre, a major advantage when considering moving off from a 
standstill. The above method is only suitable for steady-state running, as one spoke is followed 
through the contact patch, but the authors state that a transient version can be relatively easily 
derived from it (see Section 2.2.2). 
The Fiala tyre model [53] has previously been incorporated in the ADAMS package, and is used 
as a relatively simple to use model for handling investigations. This model assumes that the tyre 
is represented as a flexible ring connected to a rigid disk through circumferentially-distributed 
  Chapter 2 – Literature  review 
 
43 
 
springs. It first derives a resultant friction coefficient based on the slip ratio through linear 
interpolation. The slip ratio is taken to be the resultant of the longitudinal and lateral slip, 
although for this present research the latter would be neglected. The Fiala model assumes that 
the friction coefficient decreases linearly with an increasing slip ratio. Using the prevailing 
friction coefficient at the given slip conditions, a critical value of longitudinal slip (and later, 
lateral slip) is calculated, beyond which it is said that the tyre is fully sliding. Two different 
formulations of the longitudinal force are then given, one for when the tyre has a sub-critical 
slip ratio, and one for when it is beyond the critical slip value. The simplicity in this model is 
evident, although the stiffness coefficient used in the force calculation is constant. Therefore, it 
could be said that this model is accurate only at very low slip ratios, where the slip stiffness can 
be assumed to stay at the same value. Blundell [54] carries out a comparison between this and 
two other tyre models, namely the Magic Formula and an interpolation-based model – which 
was used as the benchmark as it was based on experimental data. No comparisons of 
longitudinal force are shown; however, the lateral force comparisons that are given show that, in 
general, the Magic Formula gives very similar results to the linear interpolation model while the 
Fiala model appears to be less accurate, perhaps as a result of its constant stiffness parameters. 
The self-aligning moment comparisons are less notable for the Magic Formula, which the 
author attributes to poor parameter fitting on his part. 
 
Blundell and Harty [55] attempt to find a medium between the Fiala model [53] and the Magic 
Formula [43] by overcoming the limitations of the Fiala model while maintaining a reduced set 
of parameters when compared to the 50 that it is possible to use in the Magic Formula to reach 
its full potential. Below the critical slip ratio (defined as the slip ratio at which the maximum 
longitudinal force is developed at a given vertical load), the longitudinal force is modelled as an 
exponential rise; while a linear decay is assumed beyond the critical slip ratio. The calculated 
forces are factored by a scale factor in order to incorporate the influence of the vertical load on 
the longitudinal forces. The authors then carry out a comparison with measured data between 
their model and the Fiala and Magic Formula models. The authors‟ model is shown to match the 
measured data much more closely than either of the other models for a longitudinal slip input. 
For lateral slip, there is very little difference between the results predicted by the Magic 
Formula and the authors‟ model, although it can be said that the latter does match the test data 
slightly more accurately. By the authors‟ own admission, however, the Magic Formula model 
parameters could be manipulated to fit the test data more closely. One limitation of the authors‟ 
model is that there exists a sharp transition at the critical slip value due to the change between 
the exponential and decaying parts of the formulation; when in reality, the „transition‟ is 
smooth. 
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All of the steady-state models described above are suitable (in terms of outright accuracy) only 
when steady-state manoeuvres are being considered, as the name implies. For the type of 
manoeuvre to be investigated in this project, the steady-state assumption is not valid as these 
models cannot capture in sufficient detail the gradual build-up of forces observed 
experimentally. This is where transient tyre models become more desirable. 
2.2.2 Transient tyre models 
There are limitations inherent to steady-state tyre models which make them unsuitable for use in 
certain applications. In the case of rapidly-changing driving commands, such as a sudden torque 
or steering input, steady-state models cannot capture the experimentally observed time-varying 
responses present under such circumstances. This leads to the requirement for transient models 
that are able to capture these effects. Longitudinal transient behaviour has until recently 
received limited attention, possibly due to the fact that tyres are comparatively stiff in the 
longitudinal direction when compared with the lateral direction, so the traditional kinematic 
relationships between wheel-spin and slip, and slip and longitudinal force were considered 
adequate for the purpose. Like steady-state models, transient models can be sub-categorised. 
The main two groups are single contact-point models and discretised models. 
2.2.2.1 Single contact-point models 
Perhaps the best-known transient tyre modelling solution is that of the so-called relaxation 
length concept. It was first introduced in its longitudinal form by Bernard and Clover [42]. It 
can be described as a first-order kinematic approach for calculating the delayed response of the 
tyre to slip inputs. The authors of [42] also identify one major problem with some empirical 
models (the Magic Formula being a prime example) when they are used in vehicle dynamics 
simulations: they generally use the longitudinal or lateral slip quantities as their inputs; which in 
their „practical‟ form use the longitudinal velocity of the vehicle in their denominators, i.e. 
x
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

           (2.20) 
x
y
V
V
tan           (2.21) 
where κ is the longitudinal practical slip quantity, Vx the forward speed of the wheel centre, ω 
the speed of revolution of the wheel body, R the effective rolling radius of the wheel, α the so-
called „slip-angle‟ of the tyre and Vy the lateral component of the wheel‟s velocity. The 
difficulty arises at low-to-zero vehicle speeds, as the slip quantities would tend to ∞ as Vx → 0, 
which leads to difficulties in the numerical solution [42]. Low-speed simulations are of 
increasing interest and so a different approach is needed. The authors present a new formulation 
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for lateral and longitudinal force which uses the relaxation length concept. This is also described 
by Mavros [45] (Figure 2.24). 
 
Figure 2.24 - Longitudinal relaxation length concept [45] 
 
Q0 is assumed to lie at the centre of the contact patch, obeying the non-sliding criterion by being 
firmly attached to the ground, while Q lies at a distance σx in front of Q0 on the SAE moving 
frame of reference. Q travels with respect to Q0 at a speed Vx. In a traction situation, where Vx < 
ΩRe, point Q0 represents a longitudinally displaced point of the tyre circumference. The 
corresponding point of the undeformed contact patch lies at a distance ξ behind point Q and 
travels at a velocity ΩRe with respect to Q. Q0 can be seen as the tip of a longitudinally 
deformed bristle, while its base is a distance ξ behind Q. From [11] and [45], and referring to 
Figure 2.24, if the transient longitudinal slip is defined as 
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Differentiation of this with respect to time yields 
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where Sx is the longitudinal relaxation length. As described by Higuchi and Pacejka [56], this 
new lagging slip quantity can then be used as the input to any steady-state model, such as the 
Magic Formula or brush model. 
 
This relaxation length, according to Koo and Tan [57], can be described as the distance from the 
contact patch centre to a hypothetical point on the tyre which is the first that would resist 
deformation under a given longitudinal force. This length varies with slip ratio, as it can be 
described as a ratio of stiffnesses, namely slip stiffness and carcass longitudinal stiffness, of 
which the former is defined as the initial gradient of the force-slip curve. This method can be 
easily implemented in vehicle dynamics simulations as a basic yet effective first approach to 
transient tyre modelling, when used in conjunction with any model that uses slip as the abscissa, 
such as the Magic Formula. The advantage of this approach, as concluded by Bernard and 
Clover [42], is that the appropriate steady-state solution is achieved if required, and that the 
model is suitable for use when the vehicle speed is low or even zero. This is very attractive for 
the simulation objectives for this project. 
 
The same authors show analytically the effect of incorporating the relaxation length concept 
[58] by linearising the wheel spin and wheel slip equations and using Laplace transforms to find 
the roots of the characteristic equation arising from the aforementioned expressions for slip and 
spin. They conclude that at low vehicle speeds, there is the possibility for complex roots to 
occur, thus indicating that there is the potential for oscillations in response to an applied torque. 
The authors also state that localised linearisation can allow the tyre model to be integrated at 
traditional vehicle integration rates, making it more suitable for vehicle simulation studies. 
 
A slightly different application of the relaxation length is used by Lidner [59], where a first-
order differential equation (Equation (2.25)) is used for calculating the tyre forces directly. 
 
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where FT is the transient tyre force, F the force calculated using a steady-state model, V the 
vehicle speed and RL the relaxation length. This is of the same form as Equation (2.24) when 
rearranged. This method could be said to be more widely applicable than the first method, as it 
can directly take the force developed from any steady-state model and „convert‟ it into a 
transient force, rather than having to calculate the transient slip quantity first. On the other hand, 
it could be a less efficient manner of performing the calculations, as the input quantity is not the 
one being lagged, the transformation would need to be applied to all output quantities of 
interest, which could potentially be very computationally expensive. This model and that 
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introduced in [57] require the relaxation length to be identified as a model parameter. With no 
further enhancements, these models could be said to be applicable in terms of accuracy when 
the relaxation length is reasonably constant, i.e. at low slip. 
 
Pacejka [44] develops a nonlinear version of the relaxation length concept, setting the parameter 
equal to the gradient of the longitudinal force-slip curve, normalised by the longitudinal tyre 
stiffness, Equation (2.26). This follows from the observation that the relaxation length can be 
defined as the ratio of the tyre‟s traction stiffness to its longitudinal tyre stiffness at road level. 
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Using this method, accuracy may be compromised if the derivative of the force-slip 
characteristic is not known prior to commencing. However, in a simulation environment, it can 
be fully exploited if the gradient of the Magic Formula can be calculated „on-line‟ and be used 
for determining the transient value of the relaxation length throughout a given manoeuvre. This 
method will give more enhanced performance over fixed relaxation length-based models, and 
will be used for much of the initial practical work in this research. 
 
The above model was the second of three used by Jaiswal et al. [60] for investigating the 
influence of transient tyre behaviour on anti-lock braking performance during both straight-line 
manoeuvres and while cornering on surfaces with various friction levels. The first was similar to 
the fixed relaxation length model from [42], albeit with a vertical load dependency included in 
the relaxation length formulation. The final model used incorporated a small mass in the contact 
patch which was connected to the rim via lateral and longitudinal stiffnesses, a method first 
proposed by Pacejka and Besselink in [61]. The authors concluded that for combined braking 
and cornering, the model including the contact patch mass was the most accurate. However, in 
straight-line braking manoeuvres, the performance of the nonlinear relaxation length model and 
the contact patch mass model was very similar. In the present research, only straight-line 
manoeuvres are considered and so the inclusion of the extra degree of freedom would probably 
not provide a sufficient increase in the accuracy of the results for the extra model complexity. 
 
The aforementioned work of Pacejka and Besselink [61] incorporated the lag in the response to 
a slip input (Figure 2.25) by allowing the contact patch to deflect horizontally with respect to 
the wheel rim, and had a mass point attached to it which enabled the calculation of the 
longitudinal force (in addition to the lateral force and self-aligning moment) between road and 
tyre as a response to the slip velocity of the mass point itself. 
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 Figure 2.25 - Transient response contact patch model [61] 
 
The response of the mass point is assumed to be instantaneous, as no deflection is required to 
develop. The authors state that the carcass compliance and the above slip model of the contact 
patch automatically incorporate the wheel load-dependent lag and the slip dependence thereof. 
The Magic Formula is used for calculating the steady-state response, subtracted from which is 
the force associated with the relative motion of the contact patch mass element in order to obtain 
the force acting on the wheel rim. Clearly if there is no relative motion of the contact patch 
(implying that the tyre is freely rolling or has reached steady-state), this method reduces down 
to the original steady-state response predicted by the Magic Formula. This method would be 
slightly more complex to implement in a simulation environment as it requires more parameters 
to be identified than some of the other relaxation length models described earlier, e.g. the tread 
element mass. 
 
Pacejka [44] demonstrates another discretised model, the short-wavelength intermediate-
frequency tyre (SWIFT) model (Figure 2.26). It is described as being suitable for situations 
where the wavelength of any disturbance is under around 10 cm and the frequency is up to 50-
60 Hz for lateral behaviour and 100 Hz for vertical and longitudinal behaviour. The model has 
five distinguishable elements: a rigid ring which represents the tyre belt inertia; residual 
stiffnesses between the contact patch and tyre belt; the brush model (described in previous 
sections) which represents the contact patch; the ability to accept a wide range of road inputs 
and finally the use of the Magic Formula tyre model to describe the nonlinear force and moment 
properties at the contact patch. 
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Figure 2.26 – General configuration of SWIFT model [44] 
 
The rigid ring is connected to the wheel rim via flexible sidewalls, while the aforementioned 
residual stiffnesses make up the total stiffness of the tyre. The author goes on to derive the 
equations of motion for the tyre belt and contact patch, which may be implemented in state-
space form for the purpose of simulation. Furthermore, this state-space formulation could easily 
be incorporated into a full vehicle model. Although this model would undoubtedly provide 
additional accuracy over and above that provided by models such as the single contact point 
relaxation length model described previously, tests would have to be carried out in order to 
determine whether there proves to be enough of an advantage to warrant the additional 
computational effort that would be required to deal with the multitude of equations required to 
fully describe this model. However, one further advantage that this model does have over some 
other discretised models is that for the purpose of investigating low-speed straight-line 
manoeuvres, the model can easily be reduced to neglect the out-of-plane dynamics, as these are 
assumed not to contribute in these situations. This model is said by Schmeitz et al. [62] to be an 
improvement upon the relaxation length model from [44] as it is applicable up to the 
aforementioned 100 Hz, whereas the relaxation length model loses accuracy in terms of its 
prediction of the transient tyre behaviour above 6-8 Hz. This is due to the resonances and 
gyroscopic effects of the rotating tyre belt being non-negligible above this frequency range as 
they have such a significant impact upon the results [62]. 
 
A simplified version of the SWIFT model is presented by Zegelaar and Pacejka [63] (Figure 
2.27). In essence, it neglects all out-of-plane dynamics of the original SWIFT model. It consists 
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of three main components: the tyre belt/tread band, wheel rim and sidewall, and has three 
degrees of freedom: longitudinal displacement xb, vertical displacement zb and rotation about the 
wheel axis θb. The tyre belt and rim are connected via the sidewall and pressurised air, modelled 
as horizontal, vertical and rotational Kelvin–Voigt elements (spring and damper in parallel). 
 
Figure 2.27 – Simplified rigid ring model [63] 
 
The authors state that the total vertical stiffness of the tyre is around six times smaller than the 
stiffness of the first mode of vibration. In order to match the vertical stiffness of the model with 
that of a real tyre, the vertical residual stiffness shown in Figure 2.27 is introduced. Thus, the 
vertical force in the contact patch is dependent upon the deformation of this residual stiffness, 
i.e. the vertical movement of the belt relative to the road surface. The steady-state slip 
characteristics connecting the contact patch to the road surface are represented by the brush 
model described in earlier sections. However, any steady-state model could be used in its place 
– for example the Magic Formula. The authors provide all model parameter values, therefore 
this model could very easily be implemented into a vehicle dynamics study. Although this 
model introduces additional complexity over, for example, the relaxation length model due to 
the inclusion of the dynamics of the tyre belt, it is thought that this model could be the most 
suitable for implementation within a vehicle or driveline dynamics study due to the damping 
effect of the tyre belt inertia, in addition to the ability to capture longitudinal and vertical tyre 
belt oscillations – the latter being particularly crucial when the tyre model is incorporated within 
a quarter- or full-car model (Section 4.2). The authors compared the model performance for 
nonlinear studies to experimental measurements and found that generally speaking, the model 
matched the experimental data reasonably well, only deviating at large levels of slip. They 
attribute this to the slip characteristic used in the model (the brush model). It is claimed that 
better accuracy would be achieved with the use of a model such as the Magic Formula. 
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Additionally, the authors state that the experimentally-observed stick-slip behaviour is not 
captured in the simulations due to the brush model using a constant surface friction coefficient. 
 
A further simplification of the SWIFT model is used by Umeno et al. [64] for the estimation of 
the friction coefficient between the tyre and road surface (Figure 2.28). 
 
Figure 2.28 – Tire vibration model [64] 
 
The model consists of the moment of inertia of the wheel rim J1, the moment of inertia of the 
tyre belt J2 and a torsional spring K which connects the two. No damping is included between 
the inertias. The model incorporates the ability to include road irregularities – assumed in this 
case to be a white noise signal. While this model potentially lacks the assumed additional 
accuracy of the model of Zegelaar and Pacejka [63], it would be much easier to introduce into a 
driveline model due to the tyre belt being just a further rotational degree of freedom „beyond‟ 
the wheel rim, connected to it via the torsional stiffness of the carcass in the same way as the 
wheel rim can be seen as being connected to the differential output via the torsional stiffness of 
the halfshaft. The only other change to be made would be to calculate the steady-state slip ratio 
from the rotational speed of the belt rather than the wheel rim. 
2.2.2.2 Discretised models 
The „FTire‟ model, developed by Gipser [65], is a flexible ring-based model which consists of 
two parts; one which models the structural aspects, such as stiffness, damping and inertia, and 
another which models the frictional tyre-road interface. The structural element consists of up to 
200 lumped-mass nodes representing the tyre belt. These are interconnected through inflation 
pressure-dependent stiffness, damping and friction elements (Figure 2.29a), which also connect 
the nodes to the wheel rim (Figure 2.29b). These nodes are subjected to radial forces due to 
inflation pressure and from the tread model. 
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a)  b)  
Figure 2.29 - FTire belt node connections [65] 
 
Each belt node has a corresponding belt segment which can (a) displace vertically, 
longitudinally and laterally; (b) rotate about and (c) bend perpendicular to the circumferential 
axis (Figure 2.30). 
 
Figure 2.30 - FTire belt segment degrees of freedom [65] 
 
The torsional spring ctorsion in Figure 2.29a represents the torsional degrees of freedom of the 
belt, which in turn are connected by further torsional springs to restrict torsional displacement, 
while the longitudinal stiffness clong represents the belt extension stiffness. The tread model 
consists of up to 50 contact elements placed between the belt segments. This model requires a 
relatively large number of parameters to be defined and input by the user for a specific tyre, 
meaning that this model may be too complicated to implement in a vehicle dynamics study, 
despite being designed for use in ADAMS. The results obtained using this model are compared 
with experimental measurements by Gipser in [66]. Results are compared for the tyre running 
over two different obstacles. The simulation results show better agreement at lower travelling 
speeds, due probably to the ratio between contact time and time-step being larger at lower 
speeds thereby giving more accurate integration, shown by the lack of oscillation in the 
simulated results when compared to experiment. Also presented are sample force-slip plots, 
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which are not compared with experiment but do appear to have the correct curve shapes for the 
force-slip relationship, albeit with a slight qualitative difference to those generated by the Magic 
Formula. As accurate as this model would be in a vehicle dynamics study, its relatively large 
computational effort would probably preclude it from such experiments, and as such is more 
suitable for ride studies than those concerned with handling or driveability. 
 
Guo et al. [67] present a „unified‟ physical model, consisting of a steady-state and transient 
component, in block diagram form, supported by all the constituent equations (Figure 2.31). 
 
Figure 2.31 - Block diagram of unified model [67] 
 
The provision of this diagram could enable this model to be implemented into MATLAB for 
this project. The model is used by the authors to calculate side force and aligning moments for 
step steer inputs; however, longitudinal slip transients are not investigated. Using the detailed 
equation derivations for the lateral conditions, those for the longitudinal forces could possibly 
be derived in this current research. The agreement with experiment is reasonably good for a 
physical model, and the authors report that any road surface can be „plugged-in‟ to the model in 
order  to simulate dynamic friction coefficient properties and determine the effect that these 
have on the generated forces. 
 
Maurice and Savkoor [68] present an investigation into the influence of friction laws on tyre 
behaviour when considering the transition from standing through to steady-state rolling motion. 
They state that empirical tyre models such as the Magic Formula cannot be used for standing 
tyre conditions as they are based on measurements taken with rolling tyres. As such, they cannot 
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handle the difference in friction characteristics in the tyre-road interface for standing tyres, 
therefore these models are not suitable for investigating the transition from standing to rolling 
with sufficient accuracy. The authors suggest that at medium-to-high slip ratios, a balance must 
be obtained between friction and structural models used in order to simulate the tyre behaviour. 
If (as is the case with rubber tyres) friction is highly dependent on sliding speed, the 
deformation velocity in the contact patch becomes critical along with the modelling of the 
structure as this is what determines the tread deformation. The authors proceed to investigate 
three situations; first a standing tyre, then steady-state rolling and finally the transition from 
standing to rolling. The first case is investigated with three structural models (namely brush, 
stretched bare string and stretched string with tread elements), three normal pressure 
distributions (under-, over- and correctly-inflated) and different friction models. The traction 
distributions are calculated for varying pressure distributions and friction models, and the 
steady-state rolling characteristics evaluated by comparing the brush model with the string/tread 
elements model using two friction models. The authors then investigate the transition from 
standing to rolling for the brush and string models. They start with the known traction 
distribution from the previous studies, rolling the tyre forwards an incremental distance and 
calculating the tyre deformation of the new contact patch from the rolled distance and the 
current slip value. The process is repeated until the tyre has rolled a full contact length, where 
the authors assume that the tyre is almost at steady-state conditions and that their results 
qualitatively match well with previous work. The authors also emphasise the fact that the slip 
quantity is very much a variable of the problem, showing graphs of the slip quantity with 
respect to the travelled distance. This preceding work is carried out in order to investigate the 
„snap-start‟ problem, where torque is suddenly applied and the transition from standing tyre to 
rolling occurs. They suggest that a vehicle model should be used in order to couple the vehicle 
forward speed with the wheel rotation, both of which affect the slip quantity and hence the 
response of the tyre. This type of investigation is similar to that which will form part of the 
simulation work in the current research. 
 
Zhou et al. [69] extend the brush model from Sharp and El-Nashar [52] in order to include 
transient effects and variations across the tread width. The main premise of the model is that the 
states of all bristles under consideration are updated to t + δt from the corresponding states at 
time t. The model has a bristle base which has flexibilities in the longitudinal and lateral 
directions relative to the wheel hub (Figure 2.32). 
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Figure 2.32 - Transient brush model [69] 
 
The method employed in order to calculate the bristle forces is the same as that described earlier 
for the steady-state model, albeit with one major exception: where the bristle separation angle is 
constant in the steady-state model; here a varying separation angle is used in order to reflect the 
changing number of spokes in the contact area across a given manoeuvre. This model also uses 
three planes of bristles to enable changes in camber angle to be considered. A flow chart is 
given which describes the force calculation procedure (Figure 2.33). 
 
Figure 2.33 - Transient brush model calculation flowchart [69] 
 
The model gives reasonable agreement with experiment, and although by the authors‟ own 
admission the results are not ideal, they are suitable for when a typical tyre will suffice. One 
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major drawback to this model is that it is not truly transient: since it uses an iterative procedure 
(Figure 2.33) in order to calculate the tyre forces and moments, each time-step calculation could 
be said to be steady-state within that time interval – i.e. step-wise steady-state. This leads to the 
conclusion that this model is quasi-static, rather than transient. A better representation, 
involving a similar concept, is that of Mavros et al. [70]. 
 
This model consists of a flexible belt, containing a number of evenly-distributed discrete 
elements around the periphery of the tyre (Figure 2.34). These are connected to the wheel rim 
via the carcass, which is represented by visco-elastic bristles. The belt elements are also 
interconnected via Kelvin-Voigt elements in order to enable the transfer of forces between them. 
In the region of the contact patch, the belt is connected to a discretised tread. This has a similar 
structure to the belt, with the elements connected to each other and to the belt via Kelvin-Voigt 
elements. The tread elements are used for modelling friction effects in the contact patch. 
 
Figure 2.34 - Flexible carcass-belt model with tread elements [70] 
 
The kinematic excitations applied to each element are described and the equations of motion 
derived and displayed in matrix form. This model requires numerical solution; this process 
would lend itself well to a vehicle dynamic study. The normal pressure distribution in the 
contact area is calculated iteratively in a quasi-static manner, which is less of a disadvantage 
than the quasi-static force calculations in [69] as the pressure distribution could be said to be 
much less transient than the longitudinal forces generated in a given manoeuvre. The pressure 
distribution is calculated by assuming that a single belt element is connected to the rim radially 
by a nonlinear Kelvin-Voigt element and to the ground by a vertical Kelvin-Voigt element. The 
belt element is said to enter the contact patch at a given angle dependent on the wheel rim height 
and radius, then move through the contact patch at discrete time steps with its equations of 
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motion solved at each step until the vertical Kelvin-Voigt element no longer generates a normal 
force – i.e. the element has left the contact patch. A saturation function is used for the radial 
force with respect to deflection, which can be differentiated in order to obtain the radial stiffness 
distribution. The friction between the tread and road surface is modelled using a stick-slip 
strategy, and it appears that it can also be made load and velocity dependent if necessary. The 
transition thresholds for velocity and force between sticking and slipping are defined; which 
when neither hold true, the non-sliding condition occurs. In this case, the frictional forces are 
equal to the forces applied on the tread elements by the visco-elastic connections. The authors 
state that the results obtained show good qualitative agreement with experimental data, and that 
the model is suitable for both linear and nonlinear investigations. The experimental procedures 
used in order to determine the model parameters and to validate the theory behind the model had 
not been carried out, and so this would obviously need to be performed to enable this model to 
be used in a vehicle- or tyre-specific vehicle dynamics study. 
2.2.3 Friction modelling 
The following section focuses on the modelling of friction in the field of tyre modelling. 
Although it has been given a section of its own, the ideas and theories described can apply to 
some of the steady-state and transient tyre models described in the preceding sections. 
 
The Dahl model [71] (Figure 2.35) can be represented by Equation (2.27), which describes how 
the friction force varies with time. 

 






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
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u
F
F
x
F
c
sgn10         (2.27) 
where F/Fc is the normalised friction force, σ0 the initial slope of the force-deflection curve, α a 
parameter that determines the shape of the stress-strain curve (a value of 1 is most commonly 
used [72]), while x and u represent the relative sliding displacement and velocity respectively. 
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Figure 2.35 - Dahl friction model [72] 
 
This model includes the effect of contact compliance, which is variable through the selection of 
the value of the initial slope σ0. Additionally, it can be seen that the friction force is dependent 
only on the sign of the sliding speed and not its magnitude. This is a simplification, and in 
contrast to experimental observations. 
 
An extension of the Dahl model, the LuGre model [72], includes provision for a decreasing 
coefficient of sliding friction as sliding speed increases. This model also incorporates damping 
effects at the contact patch. The model can be described by the following equations: 
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where σ0 is the contact stiffness, σ1 the contact damping, σ2 the viscous relative damping, μc the 
static friction coefficient, μs the kinetic friction coefficient, u the relative sliding speed, us the 
reference sliding speed used for the Stribeck effect, z an internal dynamic state assumed so that 
that differential equation (2.28) is satified, α an empirical exponent (typically taking a value of 
0.5 or 2 [72]), while F and Fn represent the friction force and vertical load respectively. The 
Dahl and LuGre models both offer a better representation of contact friction through the 
incorporation of contact compliance, whereby the friction force develops gradually as the 
contacting bodies (in this case the tyre contact patch) deflect before sliding commences. 
Although these models offer a strong basis for the simulation of friction, their use in tyre 
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modelling could be said to be somewhat redundant, as other models such as the brush model 
already incorporate the compliance in the tread and carcass. Furthermore, the relative 
contribution of the carcass and tread cannot be identified if the LuGre model is used exclusively 
as the tyre model. 
 
A problem that both the Dahl and LuGre models face is that of parameter identification. The 
internal states cannot be calculated and the use of a state observer is required [73]. A model that 
provides a good compromise between simplicity and correct representation of friction effects is 
proposed by Karnopp [74]. It introduces a discontinuity of static to kinematic friction at a small 
velocity either side of zero-speed. This region either side of zero is necessary in order to enable 
digital computation and friction compensation, since a true zero value will not be reached. 
 
Deur et al. [75] extend the LuGre model to represent a 3D brush-type model. Equation (2.28) is 
modified to calculate the bristle deflection at each bristle position and time step. It is 
implemented for use in examining transient tyre behaviour by being discretised in space for a 
sufficiently-large finite number of bristles and solved numerically using the finite difference 
approach. This model decouples the internal deflection states (z in Equations (2.28) and (2.29)); 
instead coupling the longitudinal and lateral tyre coordinate systems only through the sliding 
friction function, Equation (2.30), and the combined slip speed. This enables a single unique 
friction force to be identified, maintaining the experimentally-observed friction ellipse – viewed 
as an essential tyre property [73]. This model is extended by Deur et al. in [76] in order to 
predict the so-called „dynamic friction potential‟ of the longitudinal tyre friction force on an icy 
surface. This was accomplished by incorporating a breakaway force curve into the model from 
[75]. In essence, this hypothesis states that as the time derivative of the applied force (i.e. the 
rate of application) increases, the breakaway force reduces asymptotically from the maximum 
static friction force at zero rate (i.e. a constant force) to the Coulomb friction value. The authors 
conclude that the modified model matches experimental data much closer than the original 
model. 
 
A simpler friction model is proposed by Yi et al. [77], which suggests a relationship between 
wheel slip and surface friction according to 
     vpsspp psp 521 43 

expexp        (2.30) 
where s is the slip ratio, and parameters p1 to p5 are scalar values chosen so that Equation (2.30) 
produces a μ-slip behaviour close to a typical tyre curve. Finally, v is the vehicle forward speed. 
This formulation gives a μ-slip relationship as shown in Figure 2.36, using parameter values 
from [78]. 
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Figure 2.36 – μ-slip relationship 
 
The behaviour up to a slip ratio of around 0.75 is what would qualitatively be expected. 
However, after this point, the μ-slip curve begins an upward trend, contrary to what is typically 
expected from a tyre curve. This is missed by the authors as their comparison with a typical tyre 
curve only extends to a slip value of 0.3. The omission of any investigation into the behaviour at 
larger slip values highlights the unsuitability of this model to be used in the investigations of the 
current research, as slip ratios of up to and beyond unity are expected, particularly on lower-μ 
surfaces. 
 
A frequently-used method for incorporating a sliding speed-dependent coefficient of kinetic 
friction μk is proposed by Savkoor [79]. The basic formula is given in by 
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where Vs is the sliding speed, μs the static friction coefficient, μm the maximum coefficient of 
friction experimentally observed at a sliding speed of Vm, and h the speed range for which 
Equation (2.31) is valid. This model could be very easily substituted into a model such as the 
brush model described earlier, in order to improve the accuracy of that model, where the sliding 
speed Vs would be given by xVR  . 
  Chapter 2 – Literature  review 
 
61 
 
2.2.4 Finite element modelling 
Another area of tyre modelling concerns finite element modelling (FEM). In general, these 
models are used in order to predict higher-frequency structural behaviour than the models 
discussed in previous sections, or to identify possible failure modes due to impacts or other 
external influences. While they may not be directly suitable for vehicle dynamics investigations, 
they can provide an insight into the behaviour of the tyre carcass which may aid the analysis of 
the results from the more basic models presented earlier. 
 
Oertel [80] presents the so-called RMOD-K model, which gives a detailed finite element (FE) 
description of the tyre structure. Pacejka [44] provides an overview of the model. It features a 
flexible tyre belt which is connected to the rim via a sidewall model with pressurised air. The 
belt contains several layers which interact with each other, along with a road contact model that 
is realised through a „sensor layer‟. Normal and frictional forces are calculated at each „sensor 
point‟. Three-dimensional uneven road surfaces are said to be handled very well, albeit with 
relatively high computational effort. Friction functions are also included which enable the 
model to generate both sliding and adhesion areas with temperature-dependent friction levels. 
 
Burke and Olatunbosun [81] present a model which is concerned with predicting static tyre/road 
interaction behaviour. Their approach is purely theoretical and allows the user of the model to 
experiment with changing parameters such as inflation pressure, wheel load and the material 
properties of the tyre itself. The authors introduce so-called „gap elements‟ which allow the 
contact patch area, shape and deflection to be taken into account for any given load and inflation 
pressure. The gap elements simulate a unidirectional point contact between two degrees of 
freedom through the use of a very large stiffness value which effectively locks the two degrees 
of freedom together. The mathematical expressions for the forces in the gap elements change 
depending first on the presence or otherwise of contact with the ground, and then on the nature 
of the contact, be it sliding with no friction, adhering to the road surface with static friction or 
slipping on the road surface with kinetic friction. The tyre carcass is modelled by a FE mesh, 
and the gap elements are applied to an area of the carcass larger than the estimated contact area. 
This was done in order to allow the possibility of an increased contact area caused by under-
inflation or large vertical loads. The formulation of the gap elements neatly allows this 
assumption to be valid – as the „open‟ gap element (i.e. that when no road contact is present) 
has very little stiffness and therefore does not contribute to the structural dynamics of the 
model. The major benefit of including more gap elements than are likely to be required means 
that the entire contact area will always be able to be fully represented, regardless of operating 
conditions. The authors compare the performance of the model to experimental results for a 
  Chapter 2 – Literature  review 
 
62 
 
range of inflation pressures and wheel loads, reporting an excellent correlation – leading to the 
conclusion that even though the gap element formulation contains no empiricism and is purely 
theoretical, it is a viable and accurate solution for tyre/road interaction modelling. 
 
The same authors present an extension [82] of the previous work that analyses the dynamic 
behaviour of rolling tyres. They state that the models required for this type of analysis must be 
capable of capturing the continuously-varying deflections and nonlinearities that result from the 
inflation and loading „travelling‟ around the tyre circumference as it rolls. In order to fully 
include nonlinearities in the model, the authors develop a time-domain model in place of one in 
the frequency-domain, as nonlinearities cannot be captured this way. 
 
Generally, FE models such as those presented in this section are best suited to the analysis of 
the effects of changing physical properties such as stiffness or geometrical shape of the carcass 
on the dynamic performance of the tyre itself, rather than for implementation in vehicle 
dynamics investigations, due to the relatively large computational effort required to solve such 
models. FE models are also commonly used in durability and performance studies. This is used 
mainly at the tyre design stage as a relatively cheaper alternative to producing physical 
prototypes of tyres and testing them on real vehicles. As previously mentioned however, solving 
them in isolation can lead to interesting observations that may help to interpret the results from 
simpler models. However, as computing capabilities increase, this type of model could be used 
within vehicle dynamics studies to justifiably add further accuracy to the results obtained using 
empirical or discretised models. They can also be used in order to identify structural parameters 
for more simple models. In this research, FE models are not used, as the main focus of the 
studies herein is on the effect that each additional model DOF has on the vibrational behaviour 
of the driveline. With such detailed FE models, containing possibly hundreds of DOFs, the 
interpretation of the results would be made much more challenging as it would be difficult to 
identify which structural properties were the most contributory. 
2.3 Parameter identification 
This section outlines the experimental procedures that are currently performed in order to 
calculate or identify the parameters needed for the models described in the preceding sections. 
2.3.1 Driveline models 
Generally speaking, driveline parameter identification is relatively straightforward. Shaft 
stiffness and inertia values are easily quantifiable or obtained from CAD or FEA packages, 
bearings and couplings have known properties, while gearbox and differential data is also easily 
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obtainable from the manufacturer. Any data used in this project with regard to the driveline will 
be obtained directly from Jaguar Land Rover. 
2.3.2 Tyre models 
In the tyre models discussed in previous sections, data is needed to ensure a close representation 
of real tyres. For empirical models such as the Magic Formula (Section 2.2.1.1), several 
experimental tests are required to be performed in order to ensure that the models are as widely 
applicable as possible. These tests generally involve taking force measurements for a range of 
slip inputs, known as a „kappa-sweep‟ and an „alpha-sweep‟ (i.e. covering a range of 
longitudinal slip ratios and cornering slip angles respectively) at different camber angles and 
different vertical loads. The resulting pool of data then has a curve-fitting procedure applied to it 
to determine the Magic Formula coefficients. 
 
As described in Section 2.2.1.1, the Magic Formula can have several scaling factors introduced 
to maintain the values of the standard coefficients to enable different conditions to be 
incorporated. Arosio et al. [83] suggest that the best method to identify these factors is to select 
one set of test results, identify the corresponding Magic Formula coefficients, set the scaling 
factors to unity, then keep the same Magic Formula coefficients for all other sets of results. The 
other sets will then have only the scaling factors identified. 
 
Lee et al. [84] describe how parameters for models such as the brush model can be identified. 
The bristle radial stiffnesses could be obtained by applying a gradually increasing vertical load 
at the wheel centre, recording the displacement and calculating the displacement from the 
resulting load-deformation curve. Alternatively, the test rig ground plane can be moved upward 
at a constant low speed while constraining the wheel centre, recording the load-time history and 
calculating the stiffness from the load-deformation curve obtained from this history. This radial 
stiffness is, according to the authors‟ results, linear with respect to load, although other authors, 
for example in [69], use a second-order polynomial relationship between load and deflection.  
Also tested is the effect of inflation pressure on radial stiffness, which are shown to be linearly 
proportional. The method of estimating the lateral stiffness of the tyre is also described. 
Although it is not greatly important to the current research, it has been included in this section 
for completeness. To estimate this parameter, a constant vertical load is applied to the wheel 
centre while a lateral load is applied at a range of constant rates. The load-displacement curves 
are again plotted from which the lateral stiffness can be calculated. The authors‟ results show 
that despite the relatively large variation in loading rates used, the lateral stiffness shows 
negligible variation at the vertical load used. Clearly the stiffness would vary were different 
vertical loads used. Although not described in [84], this procedure could also be used for 
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determining the longitudinal stiffness of the tyre by applying a longitudinal rather than lateral 
force. Parameters such as the effective rolling radius could also be derived from tests such as 
these by applying a vertical force, measuring the deflection and performing the appropriate 
calculation using the unloaded radius. 
 
For parameters that are not able to be calculated, such as the relaxation length, a different 
approach is required. Using this parameter as an example, it could be identified in either the 
time or frequency domains. In the time domain, a step braking input could be applied on the tyre 
test rig (currently, traction inputs are not possible with the equipment available to this research) 
and a least-squares fitting procedure carried out to determine the corresponding relaxation 
length for that particular input. This test could be repeated as required to cover a range of slip 
ratios. In the frequency domain, a „white noise‟ braking input could be used, the transfer 
function found and from this the relaxation length calculated. This would be less 
straightforward, mainly because a true white noise braking signal would be difficult to generate. 
The relaxation length has been shown to be dependent on vertical load and slip ratio [43] in a 
nonlinear manner. This makes the identification procedure more difficult, as a large number of 
experiments would be required to identify the parameter accurately. 
 
Balaramakrishna and Kumar [85] conduct a FEA-based investigation into the SWIFT model 
[44] in order to arrive at the 172 constituent parameters of the model. Their investigation 
consists of several virtual experiments within the ABAQUS package, namely a loaded radius 
test, contact length measurement, envelopment and cleat simulations. The authors construct a 
three-dimensional FE model of a tyre by rotating a typical tyre carcass profile (Figure 2.37) 
about the rotation axis of the tyre. 
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Figure 2.37 – FEA tyre model carcass profile [85] 
 
The various simulations were then carried out, starting with loaded- and rolling-radius tests. The 
purpose of these was to determine the vertical tyre characteristics – i.e. the change in radius and 
vertical stiffness with speed, the vertical stiffness itself and the effective rolling radius. The 
authors found that when the rolling speed of the tyre increases, so does the effective rolling 
radius due to the effect of centrifugal forces associated with wheel rotation. As would be 
expected, the loaded radius decreases as load increases while the contact length increases. The 
SWIFT model parameters are then identified by using a curve-fitting procedure on the results 
from the virtual experiments (Figure 2.38). 
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Figure 2.38 – Mapping of SWIFT parameters from FEA results [85] 
 
Although the authors do not fully present the identified model parameters, ostensibly for 
reasons of space, some are presented – albeit with very little explanation of the what the 
abbreviated parameter names represent. One improvement that could be made into the authors 
study is a comparison with experimental data in order to determine whether the identified model 
parameters sufficiently represent the tyre in terms of simulation accuracy. 
 
Zegelaar and Pacejka [63] perform a number of experiments using a tyre testing rig consisting 
of a tyre mounted on a rotating drum which is represents the road surface (Figure 2.39). Using 
the results from the experiments, which consisted of exciting the tyre through small variations 
of braking torque, frequency response functions (FRFs) were obtained in order to enable the 
identification of some of the tyre model parameters. 
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Figure 2.39 – Tyre testing rig [63] 
 
Two types of response were estimated: the response of the longitudinal force to both brake 
torque and wheel slip variations. From the FRF of longitudinal force to brake torque variation, 
two frequencies were identified: the in-phase and out-of-phase rotational modes of around 33 
and 80 Hz respectively. From the FRF of longitudinal force to wheel slip variation, two tyre 
properties were able to be identified: the slip stiffness from the FRF amplitude at zero 
frequency, and the relaxation length. The measured results were also for fitting model 
parameters such as the carcass stiffnesses in order to match the real data. 
2.4 Vehicle dynamics 
Motor vehicles are, of course, made up of many individual components. However, for more 
basic investigations, they can be assumed to all move together as a „rigid body‟. For 
acceleration, braking and most cornering analyses, the vehicle can be represented as a single 
lumped mass located at the centre of gravity (CG) of the vehicle with appropriate mass and 
  Chapter 2 – Literature  review 
 
68 
 
inertia properties. For some analyses, for example ride investigations, it is necessary to split the 
vehicle into sprung (vehicle body) and unsprung (front and rear wheels or axles) masses [86]. 
 
The lumped vehicle mass representation is shown in Figure 2.40. The mass is located at the CG 
and has appropriate rotational moments of inertia about each axis. This is „dynamically 
equivalent‟ [87] to the actual vehicle for motions in which it is acceptable to make the above 
assumptions. 
 
Figure 2.40 – Vehicle axis system 
 
Perhaps the most common coordinate system for vehicle dynamic analyses is the SAE frame of 
reference, as depicted in Figure 2.40. It originates at the vehicle CG and is „body-fixed‟ – i.e. it 
does not move with respect to the vehicle. The coordinates themselves can be defined as 
follows: 
 x forward displacement on the longitudinal plane of symmetry 
 y lateral displacement towards the right-hand side of the vehicle 
 z downward displacement with respect to the vehicle 
 p roll velocity about the x-axis 
 q pitch velocity about the y-axis 
 r yaw velocity about the z-axis 
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Vehicle motion is usually described by the velocities mentioned above being referenced to the 
earth-fixed coordinate system, the origin of which is usually assumed to coincide with that of 
the vehicle-fixed coordinate system at the start of a given manoeuvre. 
 
Newton‟s second law of motion, applicable to both translational (x,y,z) and rotational (p,q,r) 
systems enables the loading of a vehicle under arbitrary conditions to be easily determined. For 
a translational system, the sum of external forces on a body in a given direction is found using 
xx amF            (2.32) 
where Fx is the forces in the x-direction, m the body mass and ax the acceleration in the x-
direction. The same can be applied to rotational systems 
xxxx IT           (2.33) 
where Tx is the torque about the x-axis, Ixx the body inertia about the x-axis and αx the rotational 
acceleration about the x-axis. Now, the loading on the vehicle axles can be determined as the 
first step towards calculating or analysing the braking or acceleration performance of a vehicle – 
as the axle loads govern the tractive effort at each axle. Figure 2.41 shows a vehicle on a slope 
with the most significant forces acting upon it. 
 
Figure 2.41 – Forces acting on a vehicle 
 
The symbols in Figure 2.41 have the following definitions [86]: 
 W Weight of the vehicle acting at the CG with a magnitude equal to its mass 
multiplied by the gravitational acceleration g. On a purely longitudinal slope it has two 
components – one acting perpendicularly to the road (the cosine component) and one acting 
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parallel to the road surface (sine). When the vehicle accelerates or decelerates, it can be 
represented by the d‟Alembert force, denoted as 
xa
g
W
F            (2.34) 
which acts at the CG opposing the direction of acceleration. 
 Wf Wr Normal forces on the tyres, representing the dynamic weights carried by each 
axle. 
 Fxf Fxr Tractive forces acting along the ground plane at the tyre contact patch. 
 Rxf Rxr Rolling resistance forces acting along the ground plane at the tyre contact patch. 
 DA Aerodynamic force acting on the vehicle body. This can be assumed to act 
either directly at a height hA, or at the contact patch if it is assumed as a longitudinal force of the 
same magnitude coupled to a moment equivalent to DAhA. 
 Rhz Rhx Vertical and longitudinal forces acting at the trailer hitch (in the case of a trailer 
being towed). 
 
The loads at each axle have a static and dynamic component. The static part is always present, 
and can be said to be the loading present when the vehicle is stationary on a level road. The 
dynamic part is variable depending on the values of the external forces shown in Figure 2.41. 
As an example, the front axle load can be found by summing all forces and moments about 
point A in Figure 2.41 (the rear tyre contact patch), and by assuming that a clockwise moment 
has a positive sign and that there is no pitch acceleration (Equation (2.35)). 
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An uphill angle corresponds to a positive road slope Θ. Solving Equation (2.34) for the front 
dynamic wheel load Wf and following the same method for Wr, the axle loads can be written as 
follows: 
L
WhdRhRha
g
W
hDWc
W
hhzhhxxAA
f








sincos
   (2.36) 
 
L
WhLdRhRha
g
W
hDWb
W
hhzhhxxAA
r








sincos
  (2.37) 
Equations (2.36) and (2.37) can be simplified greatly if it is assumed that the vehicle is 
stationary and on level ground. Neglecting all terms not associated with these conditions, the 
following static axle loads can be obtained: 
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L
Wc
W fs            (2.38) 
L
Wb
Wrs            (2.39) 
If aerodynamic influences are assumed not to contribute, such as when the vehicle is 
accelerating at low speed, and again assuming a level road surface, Equations (2.36) and (2.37) 
can be rewritten to determine the dynamic axle loads. 
gL
hWa
W
L
g
ha
cW
L
ha
g
W
Wc
W xfs
x
x
f 
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

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
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      (2.40) 
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

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


      (2.41) 
Thus, it can be said that when the vehicle accelerates (deceleration would simply mean that the 
minus and plus signs before the final terms in Equations (2.40) and (2.41) are swapped around), 
load is transferred in proportion to the product of normalised acceleration (actual acceleration 
normalised by gravitational acceleration) and the ratio of CG height to wheelbase. 
 
Looking at Equations (2.40) and (2.41), it can be seen that the load transfer under acceleration 
or braking is governed only by basic vehicle dimensions and its mass. It should be emphasised 
that it remains approximately the same, irrespective of what suspension geometry is employed 
on the vehicle – during pitching motions, the height of the CG may change, which directly 
affects the numerical value of load transfer. However, these changes can usually be neglected as 
the variation is relatively small. As is discussed in the following section, the suspension 
geometry will only affect what proportion of the load transfer will be reacted rigidly by the 
suspension links and what will be taken up by spring deflection. 
2.4.1 Pitch and bounce motions 
Although the main focus of this research is on low-speed manoeuvres on low-friction surfaces, 
where load transfer is small, the high CG position of four-wheel-drive vehicles could still lead 
to some pitching motions of the vehicle body. Additionally, further research may be undertaken 
into higher-speed acceleration of such vehicles, where the load transfer and pitching behaviour 
will be much more pronounced. 
 
The implications of splitting the whole vehicle into its constituent sprung and unsprung masses 
will be discussed in the next section. Some investigations are able to be carried out into the 
vibrational behaviour of the whole vehicle system without making this split [86]. These 
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investigations ignore the influence of the dynamics of unsprung masses in conjunction with tyre 
compliances. Figure 2.42 shows a schematic of a vehicle during a pitching vibration. The front 
and rear suspension springs can be treated as acting in parallel to each other as the vehicle can 
generally be considered to be symmetrical in its longitudinal plane [87]. 
 
Figure 2.42 – Vehicle body in pitch [87] 
 
In this case, the vehicle body has two degrees of freedom – „bounce‟ in the z-direction and pitch 
about the y-axis (Figure 2.40) – denoted in Figure 2.42 by the angle θ. With distances l1 and l2 
representing the distances from the front and rear axles respectively to the CG, the front and rear 
body deflections (s1 and s2 respectively) during a generalised and combined pitch/bounce 
motion can be written as follows: 
11 lzs             (2.42) 
22 lzs             (2.43) 
If m is the vehicle mass, i the radius of gyration and mi
2  the moment of inertia of the 
vehicle body, the equations of motion for the whole system can be written as 
    0221121  lklkkkzzm         (2.44) 
    0221122221122  lklkzlklkmi        (2.45) 
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If  taz cos  and  t cos0 , where a and θ0 are the initial displacements of the 
corresponding degrees of freedom, the expression for the natural frequencies of the system can 
be written as 
     0221212122222112422  llkkkkilklkmwmi      (2.46) 
 
Equations (2.44) and (2.45) will usually result in two forms of combined pitch and bounce, with 
each motion dominating one of these forms. A special case is possible where the two motions 
are decoupled  [86] – this is discussed in further detail later. The quotient of the amplitudes of 
both vibrations is the distance p of a pole P about which the vehicle body pivots in the side 
elevation, where 
 
 t
tz
p

           (2.47) 
With the accelerations of these two motions being proportional to the amplitudes (except for 
their sign), distance p can be directly calculated using Equations (2.44) and (2.45). 
Special case – decoupled bounce and pitch motions 
In Equations (2.44) and (2.45), the same coefficient  2211 lklk   is present. If these „coupling 
terms‟ are zero, the equations would become independent and immediately give the pitch and 
bounce natural frequencies. For this to be true, the following condition would need to be 
satisfied: 
1122 lklk            (2.48) 
The front and rear springs can now be assumed to be combined into a single spring rate 
21 kkk   acting on an „elastic centre‟ which coincides with the vehicle CG [84]. In this case 
of decoupled motions, the bounce and pitch natural frequencies are obtained from 
 
m
kk
z
212           (2.49) 
 
mi
lklk
2
2
22
2
112           (2.50) 
Now, if ωz and ωθ are equal, only one natural frequency would appear in the side view of the 
vehicle as shown in Figure 2.42 – this would cause tuning of the vehicle‟s vibrational behaviour 
to be easier. If the above condition is true, the following is obtained: 
21
2 lli            (2.51) 
which is well known from the reversible pendulum – which is able to be suspended from two 
different points and gives the same natural frequency in both cases. From Equation (2.47) and 
(2.51), the following can be obtained: 
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  02121
2  llllpp         (2.52) 
with the two solutions being 11 lp   and 22 lp  , which means that the vehicle body pivots 
about either the front or rear axle. The partial masses – that is, the effective front and rear 
masses of the vehicle – can be expressed as 
 21
2
1
ll
ml
m

           (2.53) 
 21
1
2
ll
ml
m

           (2.54) 
which then allows their relative contribution to the pitching moment of inertia to be expressed 
as 
21
2
22
2
11 lmllmlm          (2.55) 
which in turn can be compared and equated to Equation (2.51). The „real‟ vehicle, originally 
characterised by a mass and moment of inertia can instead now be represented by two mass 
points at each end of the vehicle. Equation (2.51) defines the „decoupling of masses‟ [86]; the 
two points meeting this equation are so-called „percussion points‟ [86] – an impact at the front 
axle does not cause a reaction at the rear axle and vice versa. The above simplification of 
splitting the vehicle into front and rear masses is only physically correct when the masses are 
decoupled. 
 
Pitching motions of the vehicle are excited by acceleration, braking or road irregularities. 
Provided the vehicle is travelling forwards, these irregularities act on the front axle before the 
rear, with a delay equal to the ratio of the wheelbase l to the travelling velocity v, as described 
by Equation (2.56). 
v
l
t             (2.56) 
Figure 2.43 shows the vibrational behaviour of a vehicle running over a road obstacle shaped 
like a half-period sine wave. In Figure 2.43, the vehicle is assumed to comprise of decoupled 
masses as per the preceding discussion. This is appropriate for passenger cars of medium size 
[87]. In Figure 2.43, the solid lines represent the front axle displacement, the dotted lines the 
rear axle displacement and the black lines the road inputs to the corresponding axles.  
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Figure 2.43 – Pitching caused by single obstacle 
 
The pitch angle θ follows from the amplitudes zv and zh of the front and rear deflections 
respectively and the wheelbase l, according to 
 
l
zz hv tan          (2.57) 
Equation (2.57) assumes that a rotation clockwise about the y-axis in Figure 2.42 gives a 
positive pitch angle. If the two axles are sprung with equal natural frequencies (red lines in 
Figure 2.43), the delay Δt will be equally as long as the combined bounce and pitch vibration. 
However, if the front axle has a lower natural frequency than the rear (blue lines in Figure 2.43), 
the faster vibration of the rear axle enables it to „catch up‟ to that at the front such that both 
axles achieve the same phase position when the pitch motion has almost stopped. This 
characteristic is desirable in passenger vehicles, for instance when travelling over speed bumps, 
as it prevents long-lasting pitching oscillations of the vehicle body which may be uncomfortable 
to the passengers. 
2.5 Suspension dynamics 
2.5.1 Fundamentals 
The principal role of the suspension is to transmit the forces generated at the tyre contact patch 
to the vehicle body. The most important forces are those from the ground that react and balance 
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the weight of the vehicle. These reactions are primarily taken up by the deflections of the 
suspension springs. However, modern suspensions are highly complex mechanisms comprising 
various links and joints. These links balance a significant proportion of the total tyre forces –
particularly during cornering and braking, where significant shear stresses are generated at the 
contact patch. This process is one of two main design criteria for a suspension system; the other 
being that the orientation and position of the wheel is controlled during suspension deflection in 
order to maintain a suitable level of tyre contact with the road, and so that excessive steering, 
toe and camber angles are not introduced. 
 
There are three main areas to vehicle dynamic performance, each of which is influenced by the 
suspension. These are longitudinal, ride and handling [86]. The longitudinal dynamics are 
related to the acceleration and braking performance of the vehicle, ride dynamics to the vertical 
and pitch motions of the vehicle, and handling dynamics to the lateral, yaw and roll behaviour. 
In this section, only the longitudinal and ride behaviour will be discussed, as the present 
research is not concerned with lateral dynamic behaviour. 
2.5.2 Ride performance 
Road vehicles experience a broad spectrum of vibrations due to the relatively high speeds at 
which they travel. These vibrations are transmitted through tactile, visual or aural paths [86]. 
The term „ride‟ is usually applied to tactile and visual vibrations, while aural vibrations are 
characterised as „noise‟. An alternative classification system is to use the associated frequency 
ranges to separate the two; ride is said to relate to frequencies between 0 and 25 Hz, with noise 
relating to frequencies between 25 Hz and 20 kHz – the human hearing thresholds [86]. 
However, the two are not mutually exclusive – noise is usually present when low-frequency 
vibrations occur. Figure 2.44 shows a schematic of the ride dynamics system. 
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Figure 2.44 – Ride dynamics system [86] 
 
Several sources exist for the excitation of ride vibrations, as shown in Figure 2.44. The two 
most critical for the present research are the tyre/wheel and the driveline. An ideal tyre/wheel 
assembly is compliant enough to absorb all road irregularities and to run perfectly 
concentrically and circularly, in order to avoid exciting the vehicle. In reality, however, inherent 
imperfections in the manufacture of components such as tyres, wheel rims, wheel hubs, brake 
discs or other rotating components may result in mass, dimensional or stiffness variations which 
could cause variations in the forces the assembly experiences at the tyre contact patch as it rolls, 
which are then transmitted to the vehicle as ride vibration excitations [86]. 
 
Driveline excitations can be caused by components such as splines or universal joints, in 
addition to gear clearances and also engine order vibrations. While any torque variations in the 
axles or halfshafts could be said to only affect the drive forces at the tyre contact patch and 
hence introduce longitudinal vibrations into the vehicle, these torque variations also influence 
vertical forces acting on the vehicle body as will be described in Section 2.5.2. 
 
At low frequencies, the vehicle body can be assumed to move as an integral unit on the 
suspension, also known as rigid body motion [86]. In addition, the axles, wheel rims and 
associated components also move as rigid bodies and impose excitation forces on the vehicle 
body. At higher frequencies, however, this assumption is no longer valid and structural modes 
of vibration and resonances must be examined. For the purpose of this research, only lower-
frequency vibrations will be considered. Perhaps the most common model for ride analysis is 
the so-called quarter-car model (Figure 2.45). 
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Figure 2.45 – Quarter-car model [86] 
 
The model consists of a sprung mass, representing a quarter of the vehicle body, supported on a 
primary suspension which in turn is connected to the unsprung mass, representing the 
wheel/tyre. The wheel/tyre mass is then connected to the ground with the vertical compliance of 
the tyre carcass. The sprung mass is able to translate vertically. The total effective stiffness of 
the model is known as the „ride rate‟ RR [86], and is determined as follows: 
ts
ts
R
KK
KK
R

          (2.58) 
where Ks represents the suspension stiffness and Kt that of the tyre. If no damping is assumed, 
the natural frequency ωn in rad/s of the quarter-car system can be determined from: 
M
RR
n            (2.59) 
with M representing the spring mass. If damping is present, as is the case with a real vehicle 
suspension, the resonance will occur at the damped natural frequency ωd, lower than the 
undamped frequency given by Equation (2.59) 
21 snd            (2.60) 
where ζs is the suspension damping ratio, calculated using 
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MK
C
s
s
s
4
          (2.61) 
where Cs is the suspension damping coefficient. Modern passenger cars usually employ a 
damping ratio between 0.2 and 0.4 [86]. The dynamic behaviour of the quarter-car system can 
be determined by solving the equations of motion for the sprung and unsprung masses: 
bususss FZKZCZKZCZM 
       (2.62) 
  wrtssutsusu FZKZKZCZKKZCZm       (2.63) 
where Z represents the sprung mass displacement, Zu the unsprung mass displacement, Zr the 
road displacement, Fb the force on the sprung mass and Fw the force on the unsprung mass. 
 
Gillespie [86] shows a method of visualising the performance of the quarter-car model, by 
analysing the amplitude ratios of the sprung mass relative to road inputs, axle forces and forces 
applied directly to the mass itself. The purpose of this is to identify the frequencies at which the 
vibrations felt at the vehicle body are greatest. This is achieved by first obtaining the classical 
solution for steady-state harmonic motion across a range of frequencies ω (in radians/sec): 
 
 
     312122214
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1 
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
   (2.64) 
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  (2.66) 
where 
M
m
 , 
M
C
C s , 
M
K
K t1  and 
M
K
K s2 . 
 
In order to obtain the actual amplitude ratios in Equations (2.64) to (2.66), the real and 
imaginary parts of the numerators and denominators must be evaluated at each frequency. The 
magnitudes are then obtained by taking the square root of the sum of the squares of the real and 
imaginary parts. Using parameter values from [86] and [88], the following plot is obtained: 
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Figure 2.46 – Quarter-car model response to road, tyre/wheel and body inputs 
 
Figure 2.46 shows the sprung mass natural frequency occurring at around 1 Hz, above which 
oscillations from road inputs (red line) are increasingly attenuated. The unsprung mass (blue 
line) shows a resonance at around 9 Hz which can be related to wheel hop [86], which also adds 
a slight reduction in the attenuation of the vibrations to the sprung mass. The response of the 
sprung mass to direct excitation (black line) shows a similar performance to that of road inputs, 
albeit with an increased presence of the sprung mass resonance. It can be said that, by 
implication, all external forces on the vehicle body are detrimental to ride performance [86]. 
 
Although the quarter-car model as presented above is only suitable for the study of dynamic 
behaviour in the vertical direction, it can still be used for analysing the vibrations caused on the 
sprung mass as a result of road roughness, tyre/wheel radial loads or vertical forces applied 
directly to the vehicle body. 
2.5.3 Longitudinal performance 
Aside from the functions described in the preceding section, modern suspensions are also 
designed in order to control the motion of the vehicle body itself during certain types of 
manoeuvre. In this section, a brief introduction to the virtual work method is given, followed by 
its application in determining the forces that achieve this body control. As mentioned in Section 
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2.4.1, the main focus of this research is on low-speed manoeuvres on low-friction surfaces. 
However, it is possible that further research may be undertaken into higher-speed acceleration 
of high-CG four-wheel-drive vehicles, where the load transfer and pitching behaviour will be 
much more pronounced and would therefore require the use of anti-squat and anti-dive 
suspension geometries. This type of study would be similar in terms of modelling structure to 
those carried out by Azman et al. [89], who used a full 6DOF vehicle model with suspension 
kinematics for the study of the effects of the anti-squat and anti-dive geometries on the bounce 
and pitch behaviour of the vehicle. 
 
Rarely, the springs and dampers of wheel suspensions are positioned in the „working line‟ of the 
wheel load. Most commonly, they are displaced laterally and also often inclined. The so-called 
„suspension ratio‟ can be described as being the derivative of wheel load with respect to the 
force in the spring [87]. As the two forces act along completely different lines, their magnitudes 
cannot be equated. Instead, a different method is required. Figure 2.47 shows a simple swing 
axle suspension with a separate spring and damper. 
 
Figure 2.47 – Swing axle suspension [87] 
 
If the wheel carrier moves about its joint to the vehicle body, the tyre contact point A moves 
with a velocity vA and the spring‟s lower joint is compressed with a velocity component vf acting 
along its axis. The „virtual‟ power exerted by the wheel load FFA and the vertical component vAz 
of the velocity vA is balanced by the power of the spring force FF and the spring compression vf 
as described by 
Az
f
FFAAzFAfF
v
v
FFvFvF         (2.67) 
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The aforementioned spring ratio can then be described by 
Az
f
F
v
v
i            (2.68) 
or 
F
FA
F
F
F
i            (2.69) 
By taking into account the multiplication of the velocities vF and vAz by the time differential ∂t, 
the suspension ratio can also be written as 
s
f
iF


           (2.70) 
i.e. the change of spring displacement with wheel displacement. This result is characteristic of 
any sprung suspension, regardless of where the spring and wheel loads act relative to each other. 
The only exception is if the spring acts between two suspension links rather than a suspension 
link and the vehicle body – which would cause the problem to become indeterminate as the 
spring would be compressed from both ends. From Figure 2.47, it can be seen that the direction 
of vA and the inclination of the spring would change through bump or rebound travel; 
consequently, the spring ratio varies – a feature of almost every wheel suspension in use today. 
2.5.3.1 Anti-dive and anti-squat geometry 
Due to the inherent position of the vehicle CG, braking and acceleration cause so-called „dive‟ 
at the front of the vehicle and „rise‟ at the rear in the case of braking, and „lift‟ and the front and 
„squat‟ at the rear in the case of acceleration [88]. This is due to the transfer of load from one 
axle to the other. Particularly in high-performance vehicles, these motions must be minimised to 
provide the qualitative sensation of high vehicle quality. However, some displacement is 
desirable. If there were no dive or squat during braking and acceleration respectively, it could 
give a disconcerting sensation to the driver, cause the steering effort to increase due to caster 
angles increasing at the front wheels, require unfeasible steering system geometry, create NVH 
issues resulting from the excessive variation in rotational speeds as the wheels move in bump or 
rebound, or cause oversteer problems due to the high location of the effective pivot point (see 
following section) [86]. In the case of cornering, a lateral acceleration will induce a 
corresponding load transfer to the „outside‟ two wheels and cause the vehicle body to „roll‟ 
towards that side. Suspension systems are increasingly designed with these factors as priorities, 
in addition to the primary functions described earlier. As the focus of this work is on 
longitudinal dynamics and straight-ahead traction manoeuvres, the cornering aspects of 
suspension design will not be discussed further. 
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The effects of load transfer during braking and traction were introduced in the preceding 
section. It should be emphasised that, despite the potential complexity of the suspension system 
itself, the load transfer depends only on the amount of acceleration or deceleration, basic vehicle 
dimensions (the wheelbase and the longitudinal and vertical location of the CG) and the vehicle 
mass. As a result, it remains approximately the same, irrespective of what suspension geometry 
is employed: during pitching motions, the height of the CG may change, which directly affects 
the numerical value of load transfer. However, these changes can usually be neglected as the 
variation is relatively small. 
 
With the load transfer easily calculable from the above mentioned parameters, the suspension 
geometry will determine only what proportion will be reacted rigidly by the suspension links 
and what will be taken up by spring deflection. If the load transfer is solely taken by the 
deflection of the suspension springs, a larger spring deflection will occur and result in a 
significant pitching motion of the vehicle during braking or traction. Alternatively, if the load 
transfer is transmitted to the ground through the rigid suspension links, then it is possible to 
balance all the additional load rigidly without any spring deflection. However, as previously 
mentioned, neither of these two extremes are desirable, particularly when braking – excessive 
pitching reduces the driver‟s confidence in the vehicle, while no pitching at all reduces feedback 
from the braking action [86]. As a result, suspensions are designed in such a way to balance part 
of the load transfer through the springs and the remainder rigidly through the suspension links. 
 
Using braking as an example, dive and rise displacements can be reduced by careful design of 
the front and rear suspensions respectively. The ultimate aim of this is to design the suspension 
geometry in such a way that under braking, a force is applied to the vehicle body to partially 
oppose these motions. In other words, to apply an upward force on the vehicle body at the front 
wheels which „pushes‟ the front of the vehicle body upwards, and a downward force at the rear 
wheels which „pulls‟ the rear of the body downwards. These forces can be obtained using the 
virtual work principle, following on from the principles outlined above. Figure 2.48 shows the 
side view of a front wheel. 
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Figure 2.48 – Front suspension schematic 
 
There is a kinematic input to the system – the longitudinal displacement xc of the contact patch 
with respect to the vehicle body; and a kinematic output – the vertical displacement zb of the 
vehicle body itself. Therefore, work done by external forces is 
0 bzbcx zFxFW          (2.71) 
where Fx is the longitudinal braking force and Fzb the downward force on the suspension from 
the vehicle body. Equation (2.71) rearranges to 
b
c
xzb
z
x
FF


           (2.71) 
The equal and opposite reaction to this force, i.e. the upward force on the vehicle body applied 
by the suspension due to Fx is 
b
c
xzbzb
z
x
FFF



~
         (2.72) 
With the double wishbone arrangement shown in Figure 2.49, the above relation can be 
modified such that the geometry of the suspension itself can be used in order to determine the 
above force. The upper and lower links are positioned at an angle to each other so that, if 
extended, they meet at point P – the theoretical instantaneous centre of rotation about which the 
whole wheel assembly rotates with respect to the vehicle body. If outboard brakes are assumed, 
as is the case in all modern road cars, the wheel is locked on the wheel hub and, together with 
the suspension, can be represented as a rigid body rotating with respect to the vehicle body 
about the theoretical point P. The whole mechanism is finally replaced with a virtual rigid link L 
of length r from the contact centre to the point P. 
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Figure 2.49 – Equivalent single link mechanism 
 
A negative rotation speed ω about point P is introduced, which results in a tangential speed 
(perpendicular to the link L at the contact patch) with an absolute value of |ωr| and a direction as 
indicated in Figure 2.49. The components of this velocity are resolved as follows: 
Horizontal: zx drv   sin        (2.73) 
Vertical: xz drv   cos        (2.74) 
Equations (2.58) and (2.59) can then be combined as follows: 
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       (2.75) 
The total longitudinal displacement xc of the wheel centre for a given vertical displacement zc 
from (for example) static laden (SL) to full bump (FB) is given by 
  
FB
SL
SL
z
z
cccc xzzfx         (2.76) 
where  czf  is the longitudinal derivative as a function of vertical travel 
 
c
c
c
z
x
zf


           (2.77) 
It is simple to show that under static conditions, before braking initiates, that the entire vertical 
reaction (the proportion of the vehicle weight on the front axle) is undertaken by the suspension 
springs. This is because the wheel is free to roll back and forth and therefore no horizontal force 
is developed. For the sake of argument, assume that part of the reaction is carried by the link L 
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(Figure 2.49). By definition, the link can only carry forces parallel to its direction. This implies 
that the portion of the vertical reaction carried by the link would have to be a component of the 
link force FL. Now, if an FL exists, then there would also have to be a horizontal component. 
However, this contradicts the initial observation that for an free-rolling wheel there is no 
horizontal force. Therefore, the link does not generate any vertical force, and the whole static 
reaction is balanced by the spring. The total force generated by the spring can then be written as 
SBSSS FFF           (2.78) 
with FS being the total vertical force due to the spring, FSS the spring force under static 
conditions (i.e. no braking) and FSB the additional spring force due to braking. Taking a force 
balance, considering all vertical forces, gives 
0
x
z
FSBSS
d
d
F
E
PZh
E
Pb
FF        (2.79) 
with P referring to the total vehicle weight, b the longitudinal distance to the rear axle from the 
CG, E the wheelbase, h the height of the CG from the ground and Z the deceleration in terms of 
g. It follows from the previous analysis that 
E
Pb
FSS            (2.80) 
Therefore, the force that corresponds to the additional spring force FSB caused by the 
longitudinal load transfer induced by the front braking force FF is given by 
x
z
FSB
d
d
F
E
PZh
F           (2.81) 
According to the above equations, the condition for zero dive is FSB = 0; in other words, all load 
transfer needs to be carried by the suspension links. Similarly, it can be found that in order to 
avoid rise during braking, the rear links need to be positioned at an angle to each other, such 
that their extensions meet at a theoretical instantaneous centre of rotation somewhere in front of 
the rear wheels. Then, it can be easily shown that a braking force FR produces a vertical force 
which, this time applied by the link to the spring, causes a compression of the spring and thus 
reduces its extension and the associated rise. This vertical force FV’ is 
'
'
'
x
z
FV
d
d
FF            (2.82) 
with dx’ and dz’ being the distances of the centre of the contact patch from the instantaneous 
centre of rotation of the rear-wheel assembly. The additional spring extension corresponds to 
'
'
x
z
RSB
d
d
F
E
PZh
F           (2.83) 
Clearly, the distances dx and dz (Figure 2.49) will change during a traction manoeuvre as the 
deceleration changes, which will cause a change in the forces applied to the vehicle body. The 
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above analysis is valid for any suspension, as they are all functionally equivalent to a trailing 
arm [86]. Therefore, the anti-squat, dive, lift or rise behaviour can be quantified by analysing 
the free-body diagram (such as Figure 2.49) of the axle. 
 
For acceleration manoeuvres, such as pull-aways, the principles are, in general, the same as 
those for braking cases. However, there are some differences. The main change is that during 
acceleration, anti-squat or anti-lift geometries are only effective on the driving axle (unless the 
vehicle is all-wheel drive) as there are negligible longitudinal forces on the undriven wheels. 
Generally speaking, the anti-dive and anti-rise geometries for braking demonstrate good anti-
squat and anti-lift properties under acceleration. 
2.6 Multi-body dynamics and simulation 
This section described the main theories and practical applications of multi-body dynamics. 
2.6.1 Fundamentals 
Representing a physical system with the multi-body dynamics system approach is relatively 
straightforward given sufficient information on its structure. Centea et al. [28], Schiehlen [90] 
and García de Jalón [90] describe the fundamentals of the generation of the equations of motion 
in multi-body dynamics, which can be summarised as follows. 
 
Initially, the physical system is replaced by the base elements of multi-body dynamics; that is, 
bodies (either rigid or flexible), joints, springs, dampers and forces (including gravity). 
Kinematically, a system of p rigid bodies has f = 6p degrees of freedom, three translational and 
three rotational 
 Tiiii rrr 321r ,  iiii S ; with pi ...1      (2.84) 
Therefore, the position vector q of the free system can be written as 
 Tppprrrr ...q 21131211       (2.85) 
However, the position of the system remains as 
 qrr ii  ,  qSS ii           (2.86) 
The system is then assembled via a number m of constraints. This reduces the number of 
dynamic degrees of freedom of the system to f = 6p-m. These constraints may be either 
holonomic or non-holonomic, also known as scleronomic or rheonomic respectively [91]. 
Through the rest of this section, the terms holonomic and rheonomic will be used as they 
correspond to the terms used by several other authors. Holonomic constraints do not depend 
explicitly on the time variable t, while rheonomic constraints do [91]. Subsequently, the 
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complete set of constraint equations can either be written explicitly or implicitly (Equations 
(2.87) and (2.88) respectively). 
 t,yqq            (2.87) 
  0t,qΦ           (2.88) 
where the position vector y summarises the f generalised coordinates of the holonomic system 
   Tfyyyyt ...321y         (2.89) 
If  qq, T  is the kinetic energy of the dynamic system,  qV  the potential energy and  qQex  
the vector of generalised external forces acting along the q dependent coordinates of the 
constrained mechanical system. Lagrange‟s equations for such systems can be written as 
exq QλΦ
qq












 TLL
t 
        (2.90) 
where VTL   is the Lagrangian function. The third term on the left-hand side of Equation 
(2.75) is introduced as the coordinates q are not independent but interrelated through the 
constraint equations. Matrix Φx (from the general form in Equation (2.88)) is the Jacobian 
matrix for the q independent constraint equations – the matrix of partial derivatives of the 
constraint equations with respect to the dependent coordinates f (the dependent coordinates 
relate to each individual degree of freedom within the whole system after constraints have been 
taken into account [90]). This matrix can be written as 
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xΦ        (2.91) 
The vector λ in Equation (2.90) represents the Lagrange multipliers. The current formulation 
has increased the total number of unknowns to 6p+m, since q and λ both require calculation. 
 
The kinetic energy of a multi-body system can be expressed as follows: 
 qqMq  TT
2
1
          (2.92) 
For the general case where the kinetic energy is dependent on q, Equation (2.90) becomes 
qMQΦqM qexq   L
T         (2.93) 
with Qex is the vector of external forces and L the Lagrangian function. Equation (2.93) involves 
differentiation of the mass matrix, which in some cases may lead to very complex computations 
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[91]. Another method to avoid such computations is the so-called „method of virtual power‟ 
[91], which allows the virtual power of the forces acting on a multi-body system to be written 
  0QqMq*  T          (2.94) 
where 
*
q  are the „virtual velocities‟, which must satisfy the first derivative of the constraint 
equations at 0t ; therefore 
  0*q q,qΦ t          (2.95) 
It must be noted that the part of Equation (2.94) within the parentheses cannot be inferred to be 
zero [91]. In addition to the inertia and external forces, constraint forces also act upon the multi-
body system which, although not included in the virtual power expressions, must be included in 
the equilibrium expressions. In order to eliminate the virtual dependent velocities from Equation 
(2.94), the transpose of Equation (2.95) multiplied by a vector of m unknown λ coefficients must 
be added to Equation (2.94), which yields 
  0 TT q* ΦQqMq          (2.96) 
The vector λ establishes the magnitude of the constraint forces, such that 
QΦqM q  
T          (2.97) 
where the Q vector now contains the external forces plus all velocity-dependent inertia terms. 
Now, Equations (2.93) and (2.97) are equivalent. The first term on the left-hand side 
corresponds to the inertia forces, the second to the forces associated with the constraints (i.e. the 
forces necessary for the constraint equations to be satisfied), while the terms on the right-hand 
side corresponds to the external forces. It can be easily shown that this is analogous to Newton‟s 
second law of motion. 
 
Equation (2.97) represents 6p equations and 6p+m unknowns – the 6p elements of vector q  and 
the m elements of vector λ. In order to possess sufficient equations for the solution of this 
number of unknowns, a number m of further equations are required. The algebraic constraint 
equations from Equation (2.88) which, along with Equation (2.97) constitute a set of third-order 
differential algebraic equations (DAEs). In order to avoid using DAEs, the acceleration 
kinematic equations, obtained by twice time-differentiating Equation (2.88), can be used 
cqΦΦqΦ qq   t         (2.98) 
Vector c is found from Equation (2.98). Now, Equations (2.97) and (2.98) can be written jointly, 
obtaining 

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q
q

0
T
        (2.99) 
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which is a system of 6p+m equations with 6p+m unknowns, whose matrix is symmetrical and 
also sparse in many practical cases. The system of equations given by Equation (2.99) can be 
used for the simultaneous solution of the accelerations q  and the Lagrange multipliers λ. As an 
alternative, Equation (2.97) can be solved first in order to arrive at an expression for the 
accelerations. 
λΦMQMq q
T11                      (2.100) 
Equation (2.100) can only be used if the mass matrix is non-singular, which for most cases it 
will be [91]. It can now be substituted into Equation (2.98) to obtain 
cQMΦλΦMΦ qqq 
 11 T
                   (2.101) 
from which the Lagrange multiplier vector λ can be found. In the majority of cases, direct 
solution of Equation (2.99) is preferable over solving Equations (2.100) and (2.101), as it yields 
λ directly without the requirement of involving an inverse dynamic module for the M-1 
components. Whichever formulation is used, Equations (2.99) to (2.101) are now readily 
solvable by any chosen numerical solver. 
2.6.2 Practical implementation 
Traditionally, mechanical systems would have been prototyped and tested physically, that is 
with either a scale or full-size model, in order to determine its dynamic performance and 
investigate any potential design issues. As these systems became increasingly complex, 
prototyping became proportionally more expensive in terms of both time and, more importantly, 
money. As computing equipment becomes ever more capable and affordable, these systems can 
be „virtually prototyped‟ – that is, designed, built and tested completely within a virtual 
environment. This saves money as potentially expensive materials are not wasted should the 
prototype prove unsuitable, and several design iterations can be tested simultaneously without 
the need to produce physical models of each. 
 
There are several computational methods available for virtual analysis of mechanical systems. 
Computer-aided design (CAD) packages allow the user to evaluate the interactions of parts and 
basic kinematic motions. However, they generally do not allow the user to assess the physics-
based dynamics of potentially complex mechanical systems. FEA programs allow structural 
properties of components to be assessed in great detail but lack the computational efficiency to 
be a viable solution for the simulation of dynamic mechanical systems. Computer-aided 
engineering (CAE) software allows the user to construct and test full models of any mechanical 
system, fully incorporating real physics, in a fraction of the time and for a fraction of the cost of 
building and testing a physical prototype. Many packages are available; two will be used in this 
research project. 
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The first is Mathworks‟ MATLAB and its simulation environment Simulink, and the second is 
MSC Software‟s ADAMS multi-body package. Both have advantages and disadvantages over 
the other, but as has already been mentioned, the main goal of the project is to provide a 
modelling solution that can be fully implemented into ADAMS. 
 
One of the major benefits of modelling a system in MATLAB is that once the equations of 
motion are known, they can be relatively straightforwardly implemented into Simulink using the 
vast array of predefined blocks, which are easy to modify parametrically using script files, 
enabling a full simulation model of the system of interest to be constructed relatively quickly. 
This package also lends itself perfectly to the lumped-parameter approach mentioned 
previously. Each component of a system has its own subsystem block, itself containing blocks 
(using a vehicle driveline as an example) for stiffness, damping, inertia and any backlashes, in 
addition to integrators in order to allow accelerations to be converted into velocities and 
displacements as required. Using the lumped-parameter approach also means that no detailed 
knowledge of the specific geometry of the system is required, meaning that any driveline from 
any vehicle can be modelled with the same basic model, using the initialisation file to modify 
the parameter values to the values required. However, this method would probably be unsuitable 
for very complex models, for example a whole vehicle model, as the equations of motion would 
be too numerous and complex to derive manually prior to building the lumped-parameter 
model, which in any case is likely to be very inefficient computationally. MATLAB also allows 
the state-space method to be used for compiling the equations of motion. The main advantage 
that this method has over any other is the ability to perform an eigen-analysis on the system, 
determining the natural frequencies and damping ratios of each of the modes of vibration 
present in the system. Within MATLAB, the state-space method can also be used in the time 
domain in place of a block diagram, obtaining the same results in a qualitatively faster time due 
to the absence of the integrators required in the block diagrams. 
 
The ADAMS package allows very detailed models to be constructed of any mechanical system, 
from a simple pendulum to a full vehicle. The data required includes the location and type of 
each joint, each component‟s mass and material properties. Inertia values are automatically 
calculated, as are stiffness and material damping properties if the material is selected from the 
in-built material library. Alternatively, if the mass and inertia properties are known explicitly, 
they can be manually input, reducing the need for fully-representative three-dimensional 
component geometry. Derivation of the equations of motion is performed automatically by the 
software from the finished model geometry and the constraints imposed by the joints. ADAMS 
also incorporates the real physics of the model through the simultaneous solving of equations 
for kinematics, statics, quasi-statics and dynamics. 
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Hegazy et al. [92] provide similar detail to Schiehlen [90] in describing the formulation methods 
behind the solving of the multi-body dynamics problem in software such as ADAMS. The joint 
reactions along each of the generalised coordinates are introduced by the holonomic constraint 
functions Ck – meaning that the complete assembly of parts can be relatively straightforwardly 
represented mathematically in a manner that conforming to the dynamic requirements of the 
system. The differential equations of motion are solved simultaneously with the constraint 
functions, applied forces and compliance functions (e.g. tyre or bushing forces and reactions) in 
small discrete time steps. The vector of unknowns includes each of the system state variables: 
position, velocity and acceleration of each part, and the Lagrange multipliers which represent 
the joint reactions. Subsequently, the complete set of equations can be represented in matrix 
form by 
    q
T
FqJ ,                     (2.102) 
where the Jacobian matrix [93] is of the form 
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The holonomic constraint functions introduced earlier by Schiehlen [90] and Hegazy et al. [92] 
have differing forms depending on the type of joint being used between parts in order to 
constrain their relative motion. Spherical joints, such as those used between the steering knuckle 
and upper and lower control arms in a double wishbone suspension, can be represented by three 
equations between two parts i and j, corresponding to an „at-point‟ condition [92]: 
0 ijijijijijij zzyyxx                   (2.104) 
Revolute joints, for example those between the steering knuckle and road wheels, consist of the 
three constraint equations from Equation (2.104) in addition to the following two axis 
orthogonality conditions: 
0ijij  sinsin  and 0ijij  cossin                  (2.105) 
Cylindrical-type motion, such as those between the pinion gear in the steering system and the 
vehicle body, introduces four holonomic constraints while also maintaining a coupling 
constraint with steering rack travel. For a cylindrical joint, the degrees of freedom for the part i 
relative to part j are given by zij and Ψij, and the constraint functions are written as follows: 
  0 ijijijijijijx  coscossincossin                  (2.106) 
  0 ijijijijijijy  sinsincoscoscos                  (2.107) 
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0ijij  sinsin                     (2.108) 
0ijij  sinsin                     (2.109) 
When an axial motion is related to a rotational motion, such as that of the steering rack relative 
to the vehicle body and the motion of the pinion gear relative to the vehicle body, the following 
constraint function gives a coupling relationship between the translational joint connecting the 
rack and vehicle body and the cylindrical joint connecting the pinion gear and vehicle body: 
jkikz                       (2.110) 
where i, j and k represent the rack, pinion and vehicle body respectively. Translational joints, 
which govern axial motion such as that of the steering rack relative to the vehicle body, are 
represented by five holonomic constraints, for the direction of travel zik from Equation (2.110): 
  0 ikikikikikikx  coscossincossin                 (2.111) 
  0 ikikikikikiky  sinsincoscoscos                 (2.112) 
0 ikikikikik  sincoscoscossin                  (2.113) 
0 ikik  sincos                     (2.114) 
0ikik  sinsin                     (2.115) 
Finally, universal joints, such as those used between (for example) the upper and lower parts of 
the steering column or the steering rack and left and right tie-rods, introduce three constraint 
equations: an at-point constraint given by Equation (2.104) and the following two axis 
perpendicularity conditions between the axes of rotation of the two cross-pieces: 
0 ijji zz cos.                     (2.116) 
For time-dependent motions such as steering motions, rheonomic constraints are used. 
 
Referring back to Equation (2.103), the constraint functions C, for example those given by 
Equations (2.104) to (2.116), are used for constructing the 

C
 and 
q
C


 matrices – the 
Lagrange multiplier and constraint-related functions respectively. The top-left terms in the 
Jacobian matrix from Equation (2.103) give the inertia sub-matrix for each degree of freedom in 
Equation (2.102). The applied forces, such as tyre forces or suspension bushing and 
spring/damper reactions, are given in {Fq}. 
 
The actual multi-body models are built by defining the geometry of each component, either by 
creating it within ADAMS itself or by importing it from CAD software. The components are 
then connected via joints which remove degrees of freedom from the associated components. 
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ADAMS is able to check for redundant constraint equations (using the Lagrange method 
described above) allowing the user to make any necessary adjustments prior to simulation. 
2.7 Closure 
From the literature presented in the preceding sections, a few conclusions can be made which 
highlight the shortfalls of previous approaches to driveline oscillation investigations, and 
possible reasons why the observed phenomena occur. 
 
As described briefly in the introduction, the severe oscillations observed on low-μ surfaces and 
not on high-μ surfaces (or at least, to a much less severe degree) are present in whole vehicle 
simulations and experiments, but not in driveline-only simulations. This immediately suggests 
that the interaction between the tyre contact patch and the road surface plays a crucial part in the 
generation of these oscillations. It has been suggested that, because the vehicle is travelling 
slowly, much more so than it would on a high-μ surface due to the reduction in available 
traction, there is less of a damping force present and so the attenuation of any oscillations is 
much reduced. The reason for the oscillations being generated initially can be explained as 
follows: if the vehicle is on a split-μ surface, one wheel will clearly have more traction available 
than the other. Due to the open differentials used on these vehicles, if one wheel has less 
traction, the majority, or perhaps all, of the power will be sent to the slipping wheel as it offers 
little or no tractive resistance. Therefore the wheel with grip, operating at a very low slip, will 
operate with a high relaxation length – as mentioned in the preceding section, relaxation length 
can be said to be proportional to the force-slip gradient (i.e. the slip stiffness). This high 
relaxation length means that the rate of increase of wheel slip, and hence longitudinal force, is 
reduced. The changing load on the driveline will induce the oscillations observed during 
experiments, as the resultant torques through each of the driveline components change 
continuously over a longer time throughout the manoeuvre. The relaxation length concept could 
provide a simple yet effective treatment of this problem, more so if this particular parameter can 
be made friction- and load-dependent. 
 
Referring to some of the other theories, the discretised belt and/or tread models perhaps offer a 
more thorough explanation of the physics of tyre deformation during a particular manoeuvre. 
The springs connecting each belt/tread element „compress‟ as they enter the contact patch, while 
the wheel rim tries to rotate at the same speed. As the elements move towards the rear of the 
contact patch, the springs start to unload, and it becomes easier for the wheel rim to turn. At the 
same time, further elements are being compressed together while others „relax‟, inducing the 
oscillations in longitudinal force and hence the acceleration of the vehicle body. 
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Clover and Bernard [58] provided an analytical theory as to why the oscillations occur. The 
linearisation of the wheel slip/spin equations and the subsequent Laplace transformation to find 
the roots of the characteristic equation showed that at low vehicle speeds, complex roots can 
occur, leading to oscillations in the response. 
 
The inadequacy of other driveline vibration simulation methods described in the literature is that 
none appear to use sufficiently detailed tyre models in order to enable the full transient 
behaviour to be captured. As discussed previously, this is usually for reasons of simplicity and, 
perhaps, ignorance with regard to the effect that tyre compliance has on these phenomena. 
Additionally, none of the driveline models reviewed in the preceding sections incorporated open 
differentials. This obviously precludes the investigation of circumstances where there may be a 
difference in the rotational speeds of the wheels and, as a result, the investigation of split-
friction road surfaces. Work has, however, been carried out on off-road surfaces using driveline 
models with open differentials, for example Sharaf et al. [2]. Their model of a four-wheel-drive 
vehicle included open differentials at and between the front and rear axles and was used for 
investigating the behaviour of the vehicle on uneven and soft surfaces such as sand, where there 
is an increased likelihood of one or more wheels leaving the ground or losing traction compared 
to road driving. Overcoming this deficit in driveline modelling on road surfaces will prove a 
step forward in vehicle dynamics studies, since more comprehensive simulations can be carried 
out which will further reduce the disparity between what is possible to simulate in a virtual 
environment, and what is possible to measure experimentally. 
 
The tyre modelling approaches discussed in Section 2.2 have varying levels of suitability for use 
within vehicle or driveline dynamics studies. Most empirical and some physical-based models 
are ideal for this purpose, while models such as the more complex discretised physical models 
and FEM approaches are too computationally expensive despite the additional accuracy 
attainable through the more detailed modelling of the tyre structure, in addition to hindering the 
interpretation of the results in terms of identifying the relative contributions of tyre vibrational 
modes to driveline vibrations. 
 
While friction plays a significant role in the maximum tractive forces achievable at the tyre 
contact patch, it is felt that the inclusion of a dedicated friction model is not necessary in the 
modelling that will be carried out in this research. The main justification for this is that 
Pacejka‟s Magic Formula model – which will be used (either with steady-state or transient slip 
quantities, depending on the remaining tyre structure) for the final calculation of the shear 
forces at the contact patch – implicitly takes into account the effect of a changing sliding speed 
(and therefore slip value) on the value of friction coefficient through its empiricism. 
  Chapter 2 – Literature  review 
 
96 
 
2.7.1 Literature influence on present research 
In this research, several of the tyre, driveline and vehicle modelling approaches discussed in this 
chapter are used and combined in order to investigate the problems described in the 
introduction. As already mentioned, the relaxation length model from [44] is the initial tyre 
modelling solution incorporated into a lumped parameter driveline such as that used in [4], and 
its results compared to those obtained from using a steady-state model such as the Magic 
Formula [43]. Following this, a nonlinear version of the relaxation length model [44] is 
incorporated, allowing the experimentally observed the effects of changing slip and vertical load 
conditions on the tyre force lag to be included. Then, the effects of split-μ surfaces are 
investigated by replacing the fixed relationship between the rotational speeds of the wheels with 
an open differential, as used in [2]. The two relaxation length models are incorporated into this 
driveline model allowing investigations into the tyre lag effects during manoeuvres carried out 
on split-u surfaces. As the driveline models become more complex, a state-space formulation 
similar to that employed in [11] is used in order to allow a faster time-domain solution of the 
models and, more importantly, to allow frequency analysis to be carried out in order to find 
natural frequency, damping and mode shape information. A simplified version of the model 
used in [63] is then used in place of the nonlinear relaxation length. This version initially only 
contains the torsional degree of freedom of the tyre belt and neglects carcass damping. Later, 
the longitudinal and vertical degrees of freedom of the tyre belt are introduced; the latter within 
a full 6DOF vehicle model which includes a quarter-car representation of the suspension, as 
used in [2] and [94], where the effects of carcass damping are finally introduced. 
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3.0 Driveline/tyre modelling and analysis 
This section presents the isolated driveline models used in this research, including all of the 
MATLAB lumped parameter driveline models, the tyre models used within these and finally the 
driveline and tyre modelling carried out in ADAMS. The layout of this chapter intends to show 
the progressive development of the models that are used for the bulk of the simulation work by 
demonstrating the intermediate models that, later on, comprise those that are more detailed. 
Table 3.1 shows a map of the models used and the test cases carried out in this chapter. 
Package Vehicle Tyre model Features Test case/input 
conditions 
Section 
MATLAB 
(Newton-
Euler 
approach) 
Typical 
vehicle 
Nonlinear 
relaxation length 
No differential 
effects 
Uniform high-
/medium-μ 
surfaces, 40 Nm 
step torque input 
3.3.1 
Uniform low-μ 
surfaces, 40 Nm 
step torque input 
3.3.2 
Uniform high-
/medium-/low-μ 
surfaces, 80 Nm 
step torque input 
3.3.3 
Nonlinear 
relaxation length 
Open 
differential 
Uniform high-
/low-μ, split-μ 
surfaces, 80 Nm 
step torque input 
3.6.6.4 
Torsional tyre 
belt 
3.7.1 
Torsional and 
longitudinal tyre 
belt 
3.8.1 
ADAMS 
(Langrangian 
approach) 
Rolling 
road dyno 
Fixed relaxation 
length, 
nonlinear 
relaxation length 
No differential 
effects 
Uniform high-μ 
surface, step tip-
in/tip-out input 
from 2000 rpm 
initial engine speed 
3.9.3.1 
Freelander 
Nonlinear 
relaxation length 
Pull-away and 
acceleration 
through gears 1-6, 
uniform high-μ, 
step torque input 
3.9.3.2 
Table 3.1 – Map of models and test cases in Chapter 3 
3.1 Initial tyre modelling in MATLAB 
The ADAMS tyre rig model that is currently used by JLR was supplied for analysis. It is based 
upon a very simple force-slip relationship, which approximately follows the general shape of a 
Magic Formula tyre force curve. It does not account for any transient behaviour, but can 
account for slip at the contact patch. It is vertical load-dependent; the peak longitudinal force is 
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proportional to the vertical load – via the surface friction coefficient. As such, it is also able to 
take into account any changes in surface friction characteristics. 
 
A steady-state longitudinal force map is created by running the rig model with a wide range of 
input slip ratios and recording the steady-state force that it output. The slip ratio input κ is 
changed by assuming a constant forward speed Vx of 5 m/s and varying the angular velocity of 
the wheel ω from zero to an equivalent linear speed of rolling of 10 m/s. The slip ratio is 
calculated from 
x
x
V
VR 


             (3.1) 
where R is the laden rolling radius of the tyre. Finally, the various slip ratio values are plotted 
against the corresponding longitudinal force values to obtain the steady-state map shown in 
Figure 3.1. 
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Figure 3.1 – Steady-state tyre force map produced from ADAMS tyre rig 
 
Following this, an attempt is made to replicate this plot in MATLAB using the Magic Formula 
tyre model (Equations (3.2) to (3.4)) in order to identify the Magic Formula parameters. 
      BxBxEBxCDxy arctanarctansin         (3.2) 
where D represents the value of peak force and C (shape factor) is obtained from Equation (3.2), 
where ys is the value of the horizontal asymptote (saturated tyre force). 
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






D
y
C sarcsin
2
11

          (3.3) 
Parameter B (stiffness factor) is then assigned a value such that the product BCD is equal to the 
initial slope of the curve – the traction stiffness of the tyre. Finally, parameter E (curvature 
factor) is obtained from Equation (3.4) using the value of xm – the value of slip at which the 
peak longitudinal force is generated – and the parameters calculated previously. 
 mm
m
BxBx
C
Bx
E
arctan
2
tan










          (3.4) 
 
Since the force calculation of the rig model results is based on ADAMS step functions, the basic 
version of the Magic Formula – Equation (3.2) – cannot achieve a perfect match to the ADAMS 
map as its inherent shape is not able to be manipulated in any manner to match the ADAMS 
results with the coefficients available. Identifying D, xm and ys from Figure 3.1, using Equations 
(3.3) and (3.4) to calculate C and E, and using a trial-and-error approach to obtain B, the Magic 
Formula coefficients are given, for this particular model, the values shown in Table 3.1. 
Parameter Value 
B 12.5 
C 1.489 
D 3770 
E -1.042 
ys 2710 
xm 0.107 
Table 3.1 – Identified Magic Formula parameters 
 
Figure 3.2 shows a comparison of the original ADAMS steady-state map and the approximated 
Magic Formula curve using the parameter values from Table 3.1. 
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Figure 3.2 – Comparison between ADAMS steady-state map and approximated Magic Formula 
curve 
 
There is an obvious discrepancy between the Magic Formula curve and the steady-state map 
after saturation, due to the origins of the Magic Formula being in trigonometric functions while 
the ADAMS force calculations use the in-built step functions as described earlier – meaning 
that no combination of coefficients is able to match the ADAMS plot. This match, though not 
ideal, is satisfactory: it must also be remembered that the Magic Formula model is a much more 
accurate representation of tyre force than that currently in use at JLR. 
 
The MATLAB Magic Formula model is enhanced (Figure 3.3) in order to include the relaxation 
length concept described in Section 2.2, generating a transient slip quantity for use as the Magic 
Formula input . 
 
Figure 3.3 – MATLAB Magic Formula/relaxation length tyre model 
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The model initially incorporates switching logic to allow direct comparisons to be made 
between the steady-state and transient results, and uses a step slip input which can be set to any 
value required. The „Transient slip‟ block is shown in detail in Figure 3.4, which is built using a 
rearranged form of Equation (3.5). 


xtx
t
x VV
t
S 


           (3.5) 
where κt is the transient slip quantity, Vx the vehicle forward speed, Sx the relaxation length and 
κ the steady-state slip ratio. 
 
Figure 3.4 – Transient slip block 
 
This model, when used in conjunction with a vehicle/driveline model, can handle transient 
phenomena resulting from the time-varying vehicle and wheel speeds. The following plots 
(Figures 3.5 to 3.8) show comparisons between the ADAMS steady-state, MATLAB steady-
state and the MATLAB transient responses for a range of slip values. 
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Figure 3.5 – Comparison of ADAMS and MATLAB results - slip = 0.03 
 
 
Figure 3.6 – Comparison of ADAMS and MATLAB results - slip = 0.11 
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Figure 3.7 – Comparison of ADAMS and MATLAB results - slip = 0.30 
 
 
Figure 3.8 – Comparison of ADAMS and MATLAB results - slip = 0.95 
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Figure 3.6 shows the response at κ=0.11, the slip value identified from Figure 3.1 as that at 
which the peak longitudinal force is generated. The transient response does not exhibit a peak; 
instead, it rises exponentially to the asymptotic steady-state value, which suggests that for 
maximum traction with this particular tyre, the wheels should be rotating at a speed equivalent 
to 111% of the vehicle speed. The gradual exponential-type build-up of the longitudinal force at 
low slip is seen to become more rapid as the step slip input increases in magnitude, displaying 
an increasing overshoot and decreasing settling time, as the slip ratio increases beyond that at 
which the peak (steady-state) longitudinal force is generated. 
 
The increase in the initial gradient as slip increases can be explained with reference to Equation 
(3.5), where it can be seen that by keeping Vx, R and Sx constant and increasing the wheel 
rotational speed with a step torque input, the instantaneous transient slip ratio and its derivative 
will increase in magnitude, thereby moving further along the Magic Formula curve. It follows 
that with larger step torque inputs, a larger range of slip ratios will be covered meaning more of 
the Magic Formula curve will be passed through. In the case where the step slip input is around 
unity (Figure 3.8), it can be seen that the steady-state value reached (in addition to the peak 
value) is the same as that on the Magic Formula curve, as the full range of slip ratios from zero 
to unity is experienced throughout the manoeuvre. At lower step slip inputs, the gradient of the 
instantaneous slip ratio is smaller than at larger inputs, which explains the rise time increase as 
the slip input decreases. The real benefit of this modelling approach will be revealed once this 
tyre model is incorporated into a full driveline model, allowing varying vehicle and wheel 
speeds to be used in place of the constant values used so far. Another modification which can be 
made, particularly in ADAMS, is to make this transient tyre model vertical load-dependent, 
which would influence the Magic Formula parameters as described in Section 3.3 and give 
further accuracy over a steady-state model. 
3.2 Initial driveline modelling in MATLAB 
Concurrent with the tyre modelling is the construction of driveline models in MATLAB, using 
the work of Farshidianfar [4] and Mavros [11] as a starting point. A simple „bicycle‟ 
representation of a rear-wheel drive vehicle driveline is constructed based on the driveline 
schematic shown in Figure 3.9. This bicycle model combines the inertias of both rear wheels 
and the stiffness/damping of both halfshafts and tyres into one respective component for each. 
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Figure 3.9 – Driveline schematic [11] 
 
The inertia in the system is assumed to be located entirely within the primary inertia 
contributors, i.e. the flywheel, transmission, differential, wheel rims and the vehicle body itself. 
All stiffness and damping is assumed to lie within the primary compliance contributors – 
namely the clutch, propeller/halfshafts and the tyres. The model is constructed by writing the 
equations of motion for each degree of freedom (DOF), given here in Equations (3.6) to (3.12). 
For the flywheel, the equation of motion is 
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where Tin is the torque input applied at the flywheel. Similarly for the transmission, the 
equations of motion are (taking into account the input and output gears) 
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The equations of motion for the differential, incorporating the differential input and output 
pinions, are 
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(3.10) 
The equations of motion for the wheels, tyres and vehicle are as follows. The tyre is represented 
as a torsional spring with a fixed stiffness that connects the wheel rim to the tyre belt. The belt 
itself can be seen as a gear in perfect coupling with the road, such that no slip occurs between it 
and the road surface. It follows that the model describes a purely kinematic relationship between 
the speed of the vehicle and speed of the tyre belt, where the former is proportional to the latter. 
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This approach corresponds to the situation where moderate traction applies to a tyre with very 
good adhesion, i.e. at vanishing slip. Neglecting the rotational inertia of the tyre belt (it is easily 
shown that this can be projected to the vehicle‟s inertia due to the kinematic relationship 
between the two motions) the equations of motion for the wheel rims are 
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while the vehicle equation is 
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m t         (3.12) 
In the above equations, Ii refers to the rotational inertia of the respective components as 
indicated in Figure 3.9, Ci and Ki are the damping and stiffness coefficients respectively, and Ti 
refers to the reaction torques at each joint due to gear meshing. Tin is the torque output from the 
engine to the flywheel. Meanwhile, θi represents the angular displacements of each of the 
components, along with the associated derivatives for velocity and acceleration. R is the laden 
rolling radius of the tyre and x is the longitudinal displacement of the vehicle. These equations 
can then be simplified by considering the kinematic relationships between the gear pairs in the 
transmission and differential, which are considered to be rigid. These relationships are as 
follows; for the transmission 
GnTT  23            (3.13) 
Gn
2
3

            (3.14) 
where nG is the transmission ratio. Similarly for the differential 
DnTT  45            (3.15) 
Dn
4
5

            (3.16) 
where nD is the differential ratio. Using the relationships described by Equations (3.13) to 
(3.16), Equations (3.6) to (3.12) can be simplified in order to allow the degrees of freedom of 
the transmission and differential to be combined into a single effective inertia for each. Now, 
Equations (3.7) to (3.10) can be rewritten as 
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(3.18) 
Similarly, Equation (3.10) is rewritten as 
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(3.19) 
Equations (3.6), (3.12) and (3.17) to (3.19) can now be implemented in either state-space or 
block diagram form. It was initially decided to implement the equations in block diagram form. 
In order to achieve this, the equations are each split into two parts: one for the inertia 
contribution and one for the compliance contribution. An example of each type of block is given 
in Figures 3.10 and 3.11 respectively. 
 
 
Figure 3.10 – Flywheel block diagram (inertia) Figure 3.11 – Clutch block diagram (compliance) 
 
Once the block diagrams for all of the inertia and compliance contributors are built, they can 
then be connected, thereby forming the driveline block diagram shown in Figure 3.12. 
 
Figure 3.12 – ‘Bicycle’ representation of vehicle driveline 
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Using values from the work of Mavros [11], the components are given typical driveline 
parameter values as shown in Table 3.2. 
IF (kgm
2
) IGIN (kgm
2
) IGOUT (kgm
2
) IDIN (kgm
2
) IDOUT (kgm
2
) IW (kgm
2
) 
0.29 0.003 0.004 0.001 0.006 0.4×2 
C1 (Nms/rad) C2 (Nms/rad) C3 (Nms/rad) K1 (Nm/rad) K2 (Nm/rad) K3 (Nm/rad) 
0.26 0.14 0.24×2 600 11500 12000×2 
Kt (Nm/rad) nG nD m (kg) R (m) TIN (Nm) 
6827×2 3 4 1600 0.32 40 
Table 3.2 – Driveline parameter values 
 
The model is run for 4 s with a 40 Nm step torque input and an initial vehicle speed of 2.8 m/s. 
These values are also taken from [11] in order to enable a comparison with the original model to 
be made, ensuring that the equations had been modelled correctly. The model is extended in 
order to incorporate fully symmetrical two- and four-wheel versions, and simulated again for the 
same input conditions. The results are compared with those from the one-wheel version in order 
to ensure that the model had been correctly modified, and indeed the results were identical. The 
benefit of the latter two models is that components can be assigned different properties; for 
example, if the halfshafts are of different lengths, the stiffness characteristics will be different. 
In addition, each tyre can be given different contact properties, for example the coefficient of 
friction. This latter advantage can only be truly exploited if a proper model of an open 
differential is included, which will be introduced in later sections. 
3.3 Combined tyre/driveline modelling in MATLAB 
Following the completion of fully-functioning tyre and driveline models, the next task is to 
combine the two – thus enabling the tyre damping effects to be included in the analysis of 
driveline dynamic behaviour and to allow the time-varying vehicle and wheel speeds to be 
incorporated in the tyre model. The modified driveline model is shown in Figure 3.13. 
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Figure 3.13 – Combined driveline/tyre model 
 
The tyre model from Figure 3.4 is modified in order to accept the vehicle speed as a variable 
instead of a constant. The parameters for this model are chosen so that the traction stiffness 
corresponds with the equivalent torsional spring stiffness of the original basic tyre model. Using 
the virtual work method it can be easily shown that the torsional stiffness of the tyre Kt can be 
related to the translational stiffness Kc using 
2R
K
K tc            (3.20) 
where R is the laden rolling radius of the tyre. Finally, the traction stiffness is obtained by 
multiplying the longitudinal stiffness by the value of the relaxation length [44], chosen here to 
be Sx=0.6 m. The effect of including the fixed relaxation length tyre model in the driveline 
model is shown in Figure 3.14, which compares the longitudinal acceleration using the new 
model to that from when the tyre is represented as simple torsional spring. 
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Figure 3.14 – Vehicle acceleration with and without tyre model 
 
The effect of tyre damping is immediately clear. There is a significant reduction is oscillation 
magnitude, even including the initial peak value. Also, the rate of attenuation is much faster – 
leading to the steady-state value being reached before the end of the simulation. These 
differences can be attributed to the slower force build-up in the transient model. 
 
There is, however, a slight discrepancy in the shuffle frequency between the two approaches, 
which prompted a further enhancement to the model. This is the incorporation of a time-varying 
relaxation length, based on the concept presented in [44], which allows the model to capture the 
dependency of the lag observed in the contact slip on the slip itself, in addition to the 
nonlinearities of the contact force. The model is also made vertical load-dependent, allowing for 
automatic updating of the values of the Magic Formula coefficients to reflect their dependency 
on the varying vertical load during a manoeuvre by expressing the relaxation length Sx as [44] 
t
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1
         (3.21) 
Using Equation (3.21), the relaxation length is made slip-dependent by using the instantaneous 
value of the Magic Formula curve gradient, which obviously varies with the value of slip. 
Dividing this value by the value of longitudinal tyre carcass stiffness provides the instantaneous 
transient relaxation length, rather than the constant value implemented in Equation (3.5). 
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Initially in these simulations, a lookup table is used to determine the Magic Formula gradient 
based on the instantaneous transient slip quantity. The version of the Magic Formula used in the 
simulations is the basic formulation for longitudinal slip as described from Equation (3.1), with 
one modification – the parameter D is calculated using the current value of friction coefficient 
and vertical load using 
zFD            
(3.22) 
 
It is well known that at vanishing slip the initial gradient of the force-slip curve is independent 
of friction but dependent on vertical load. It is assumed that the initial gradient of the force-slip 
curve is constant. Clearly, if the vertical load or the friction coefficient varies, then the value of 
D (represented as Dt below) in Equation (3.2) must also change. In order to allow for this, Bt, Ct 
and Et represent the load- and friction-dependent values of the Magic Formula coefficients, 
dependent on the values of μ and Fz. In order to maintain the same initial gradient (the product 
BtCtDt), the values of Bt and Ct must also change. At this stage the effect of longitudinal load 
transfer is neglected; Ct and Et are assigned fixed values of 1.5 and -1 respectively, while Bt is 
calculated from Equation (3.23) using „reference‟ values of B0, C0 and D0, chosen as 12, 1.5 and 
Fz respectively. 
tt
t
DC
DCB
B 000           (3.23) 
In order to implement the varying Magic Formula gradient in MATLAB, the gradient of the 
Magic Formula curve is found at each value of slip and compiled into a look-up table. The 
instantaneous relaxation length can then be calculated as a function of the instantaneous slip, 
which is then fed into the tyre model as before (Figures 3.15-3.16). 
 
Figure 3.15 – Modified tyre model block with variable relaxation length 
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Figure 3.16 – Modified slip-force block 
 
The same parameter values are used in this model as for the model shown in Figure 3.2, with 
the additional parameters being given values as shown in Table 3.3. 
Kc (N/m) Sx (m) CFκ (N) 
66667×2 0.6 40000×2 
Table 3.3 – Additional model parameters 
 
Using this improved tyre model gives the plot of longitudinal acceleration shown in Figure 3.17. 
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Figure 3.17 – Vehicle acceleration with/without tyre model – variable relaxation length 
 
This shows a much improved match in shuffle frequency between the torsional spring and 
relaxation length tyre models. This model currently uses a constant vertical load; however, as 
discussed previously it is intended to include variability of this parameter, particularly in 
ADAMS and with any full vehicle models that incorporate suspension dynamics. Following the 
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successful implementation of this model, a series of simulations are run in order to determine 
the effect of surface friction on driveline vibrations. Three surface friction coefficients are used: 
μ=1, 0.5 and 0.2; while two engine input torques are used: 40 and 80 Nm. 
3.3.1 High- and medium-friction surfaces 
The simulations are run for 2 s with an initial vehicle speed of 2.8 m/s and a step-input torque of 
40 Nm. Figure 3.18 shows a comparison of the vehicle acceleration achieved on each surface. 
As would be expected, the μ=0.2 run produces the lowest acceleration; however, the μ=1 and 
0.5 runs produce similar traces. It appears that, in this case, the vehicle acceleration on the μ=1 
surface, and possibly the μ=0.5 surface, is limited not by surface friction but the input torque 
itself. The results for μ=0.2 show the expected limited acceleration and that shuffle oscillations 
are suppressed on this surface. This is due to the effective decoupling of the vehicle mass from 
the road surface. This phenomenon and its implications are discussed in further detail in Section 
3.7.6. Clearly, the tyre force has saturated very quickly on this surface – despite the modest 
input torque – so the vehicle can only accelerate at a limited constant rate. 
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Figure 3.18 – Vehicle acceleration comparison – Torque input 40 Nm 
  Chapter 3 – Driveline/tyre modelling and analysis 
 
114 
 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0
0.005
0.01
0.015
0.02
0.025
0.03
0.035
0.04
0.045
Time (s)
In
s
ta
n
ta
n
e
o
u
s
 s
lip
 r
a
ti
o
 
 
mu = 1
mu = 0.5
 
Figure 3.19 – Instantaneous slip ratio comparison – Torque input 40 Nm 
 
These conclusions can be further confirmed by the observation that the limited torque of 40 Nm 
does not saturate either tyre force curve in the two higher-μ cases, as is shown in Figure 3.20. 
The peak slip ratios in each case (Figure 3.19) give similar traction forces (Figure 3.20), to 
which acceleration is obviously proportional. Through the remainder of the manoeuvre after 
around 0.3 s, the slip ratio is similar for both μ values – below around 0.025 – which, with 
further reference to Figure 3.20, indicates that the longitudinal force will also be similar in both 
cases. 
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Figure 3.20 – Longitudinal force comparison at peak slip ratio – Torque input 40 Nm 
 
Figure 3.21 shows how the damping ratio of the shuffle mode changes during the manoeuvre. 
This particular mode is selected not only as it displays the most variation throughout the 
manoeuvre, but mainly due to the fact that it is the error-state most closely associated with 
passenger discomfort and perceived vehicle quality [17]. The higher frequency modes do not 
show any significant variation in terms of either their natural frequencies or damping ratios; 
therefore the discussion here is limited to the shuffle response only. The damping ratio plots are 
obtained by linearising the model around a series of operating points; i.e. taking the value of 
each model state at a number of instances during the simulation and using them as inputs to 
MATLAB‟s built-in model linearisation function. 
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Figure 3.21  –  Change of damping ratio – shuffle mode – μ=1 and 0.5 
 
The significant peak in damping in the μ=0.5 run at just after 0.2 s (Figure 3.21) coincides with 
a similar peak in the transient slip quantity. This suggests that, under these conditions, the 
damping present in this mode is in phase with any change in the slip ratio. Also noticeable is the 
gradual rise in the damping ratio towards the end of the simulation, suggesting that the damping 
is slowly increasing as a result of the increasing vehicle speed, which is to be expected. The 
aforementioned damping peak can be attributed to a highly slip-dependent and consequently 
highly transient relaxation length: with reference to Figures 3.19 and 3.20, it is shown that at 
around 0.2 s the different instantaneous slip quantities and the corresponding points on the 
respective Magic Formula curves for the two surfaces give significantly different gradients, to 
which the relaxation length is proportional, see Equation (3.21). In turn, the reduction in 
relaxation length is responsible for the increase in damping seen in the μ=0.5 case. 
  Chapter 3 – Driveline/tyre modelling and analysis 
 
117 
 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
0.45
0.5
0.55
Time (s)
R
e
la
x
a
ti
o
n
 l
e
n
g
th
 (
m
)
 
 
mu = 1
mu = 0.5
 
Figure 3.22 – Change of relaxation length through manoeuvre – μ=1 and 0.5 
 
The highly varying damping on the μ=0.5 surface can be attributed to the fact that the relaxation 
length reduces significantly above a slip ratio of around 0.025 (due to the changing Magic 
Formula gradient). Such levels of slip correspond to the peak in the damping ratio at around 0.2 
s, as can be seen in Figure 3.21. With the relaxation length being relatively small at that instant, 
the lag in the force response will also be small. This subsequently suggests that the damping 
will be at a maximum as the reactive force at the contact patch will be close to the maximum 
achievable on that surface. A much smaller peak is present in the μ=1 run, which also coincides 
with the slip-ratio peak. It is seen that the damping in μ=1 case also varies in phase with the slip 
ratio, albeit with significantly less amplitude. This is due to the Magic Formula gradient – and 
therefore relaxation length – being relatively constant throughout the manoeuvre (Figure 3.20). 
 
Figure 3.22 shows the change in the relaxation length on the μ=0.5 and μ=1 surfaces. It can be 
seen that while in the μ=1 case the relaxation length has a variation of around 0.1 m between its 
minimum and maximum values, the μ=0.5 case shows a much more severe variation of this 
parameter; around 0.45 m between the minimum and maximum. This partially explains the 
large variation in damping throughout the course of the manoeuvre on this surface. In order to 
emphasise the relationship between the damping and relaxation length, Figure 3.23 shows a 
comparison of these parameters for the μ=0.5 case.  
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Figure 3.23 – Damping ratio dependence on relaxation length – μ=0.5 
 
In summary, it can be said that under the current torque input conditions, forces of similar 
magnitude are generated on both the μ=0.5 and μ=1 surfaces, as a result of the limited drive 
torque which is not able to fully saturate either of the tyre curves. Therefore, the differences in 
damping levels are primarily relaxation length-related. In addition, Figure 3.18 reveals that the 
severity of shuffle in terms of magnitude and frequency is similar between the two surfaces. 
This observation indicates that the initial damping ratio peak shown in Figure 3.21 for the μ=0.5 
surface is not sufficient to suppress the shuffle oscillation. 
3.3.2 Low-friction surfaces 
A number of interesting observations can be made in the μ=0.2 case. The shuffle mode appears 
to be non-contributory on this surface. In addition, the damping ratio is above unity for the 
entire manoeuvre. Figure 3.24 illustrates this via the relaxation length. 
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Figure 3.24 – Change of relaxation length – μ=0.2 
 
The very low availability of friction in this case causes the tyre to saturate very early in the 
manoeuvre, and therefore the Magic Formula gradient reaches its minimum – giving the zero 
relaxation length. Thus the tyre acts as a pure damper, fully suppressing the previously observed 
oscillatory behaviour. Figure 3.25 shows that a slip ratio of under 0.1 is more than sufficient to 
cause this saturation, even at relatively low vehicle forward speeds. 
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Figure 3.25 – Longitudinal force – μ=0.2 
 
Considering all the results presented above for the 40 Nm torque input, it can be concluded that 
a greater level of wheel slip resulting from a reduction in surface friction will give a 
corresponding increase in the damping present in the shuffle mode. This increase in damping is 
not able to cause any reduction in the severity of the shuffle oscillation from the μ=1 to the 
μ=0.5 friction case. However, as shown in Figure 3.18, shuffle oscillations are suppressed when 
driving on a very low-friction surface (μ=0.2). However, other higher-frequency modes may 
contribute more to driveline oscillations, and hence be felt by the vehicle occupants, because of 
the effective decoupling of the driveline from the vehicle inertia. This results in the additional 
damping effect of the vehicle inertia being lost and a consequent increase in driveline 
vibrational behaviour. This topic is discussed in more detail in Section 3.7, when a full driveline 
model with an open differential is introduced. 
3.3.3 Higher torque inputs 
It is expected that the combination of high engine torque and low-friction surfaces will promote 
driveline damping and therefore suppress shuffle oscillations. In order to investigate this, the 
simulations were repeated with an 80 Nm input torque. As expected, the higher drive torque 
causes significantly different accelerations between the three surfaces, as shown by the 
comparison plot in Figure 3.26. 
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Figure 3.26 – Vehicle acceleration comparison 
 
Straight-line performance is severely restricted by the available friction on both the μ=0.5 and 
μ=0.2 surfaces, with the performance in the latter case appearing to be qualitatively the same as 
that achieved with the 40 Nm input. This is a result of the tyre operating continuously in the 
saturated area, and implies that the largest input torque that would not lead to the tyre saturating 
under these conditions is very small, as both cases saturate very rapidly. 
 
With regard to shuffle severity, Figure 3.26 reveals that the increase in torque is not able to 
reduce shuffle on the μ=1 surface. The relaxation length drops to a minimum of approximately 
0.1 m (Figure 3.28) at around 0.2 s coinciding with a high slip ratio and a correspondingly high 
damping ratio, as shown in Figure 3.27. Nonetheless, the levels of traction available are still 
significant, and the momentary increase in damping does not improve the shuffle response. In 
fact, the magnitude of the oscillations is around twice as large as that in the 40 Nm case, as 
would perhaps be expected given that the input torque has doubled. With regard to both the 
μ=0.5 and 0.2 cases, the relaxation length drops within 0.1 s to around zero as a result of the tyre 
curve – the gradient of which is proportional to the relaxation length – being saturated. 
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Figure 3.27 – Change of damping ratio – shuffle mode – μ=1 
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Figure 3.28 – Change of relaxation length through manoeuvre 
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The behaviour with an 80 Nm torque input on a μ=0.5 surface closely resembles that on a μ=0.2 
surface and 40 Nm torque. Linearisation of the model about a series of operating points showed 
that in this case, the damping ratio for the shuffle mode exceeds unity, and therefore the shuffle 
mode is over-damped. However, while shuffle is absent, it is possible that the spinning of the 
wheels (Figure 3.29) could cause higher-frequency NVH. 
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Figure 3.29 – Change of slip ratio through manoeuvre 
 
Driving on the μ=0.2 surface with 80 Nm torque input results in severe wheel spin and an 
almost monotonously increasing slip ratio, as illustrated in Figure 3.29. In addition, the severe 
wheel spin causes a rapid saturation of the tyre curve and a corresponding reduction to zero of 
the relaxation length at around 0.05 to 0.1 s. Thus, the slip ratio at the contact patch is no longer 
described by the first-order differential equation (3.5), and instead is described by the 
macroscopic slip quantity given by Equation (3.1). As such, for the μ=0.5 and 0.2 cases in 
Figure 3.29, the macroscopic slip quantity is used. The transient slip quantity remains for the 
μ=1 case. Linearisation of the results for the μ=0.2 case gives a similar trend to the μ=0.5 case, 
with the shuffle mode being over-damped thanks to the reduction of the relaxation length, 
enabling the tyre to act as a pure damper. This easily removes the low-frequency contribution of 
the shuffle mode. 
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Figure 3.30 – Tyre characteristic curves 
 
The insignificant variations in the slip-ratio are incapable of causing any high frequency NVH – 
especially if it is considered that these variations correspond to even smaller variations in the 
tyre force, as indicated by the tyre characteristic curves in Figure 3.30. 
3.3.4 Discussion 
This set of simulations has revealed two potential driveline NVH concerns that are closely 
related to tyre-road interaction. At the lower-frequency end, shuffle is promoted on surfaces 
with good levels of friction; this is related to the relatively low levels of damping that the 
shuffle mode exhibits on such surfaces. As the available traction reduces (or when the torque 
applied exceeds the friction potential of the tyre-road interface), the slip ratio is seen to exhibit a 
high-frequency but relatively low-magnitude variation. It is possible that, despite the low 
magnitude, this will cause a high-frequency excitation that could cause NVH concerns. Under 
these circumstances, the shuffle mode appears to be consistently over-damped and therefore 
does not present a problem. 
 
In extreme combinations of low friction and high torque inputs, the variation in transient slip is 
reduced and it appears that no NVH concerns exist, apart from wheel spin. However, these 
conditions require further investigation. Firstly, it is important to note that the likelihood of an 
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identical friction coefficient on both sides of the vehicle is almost non-existent. It is then 
possible that differential rotation of the wheels, however small, may cause significant NVH 
problems – even with low friction/high torque combinations. Such issues require further 
investigation using a driveline model incorporating an open differential, which is discussed in 
Section 3.4. 
 
Additional degrees of freedom were added as required and all parameter values updated in order 
to reflect the provided data. The objective of this task was to determine if the modelling 
methodology in MATLAB matched the current JLR simulations in terms of the accuracy of 
results. 
3.4 Open differential model 
A state-space model of an open differential is built in order to enable split-μ conditions and 
asymmetric driveline properties (among other factors) to be simulated more accurately when 
used in conjunction with a full driveline model. Figure 3.31 shows a schematic of the layout 
being modelled. The philosophy of this model follows that used by Sharaf et al. in [2]. 
 
Figure 3.31 – Open differential schematic 
  
Prior to the construction of the state-space representation, the equations of motion for the 
system are derived. 
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In the above equations, Ii refers to the rotational inertia of the respective components as 
indicated in Figure 3.34, Ci and Ki are the damping and stiffness coefficients respectively, and Ti 
refers to the reaction torques at each joint. Tin is the torque output from the transmission. 
Meanwhile, θi represents the angular displacements of each of the components, along with the 
associated derivatives for velocity and acceleration. R is the tyre‟s laden rolling radius, and Fx is 
the longitudinal tyre force. These equations can be reduced by imposing the following 
relationships upon them: 
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where nD refers to the differential ratio. The final set of modified equations is 
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In order to enable the above equations to be converted into a state-space model, the following 
auxiliary equations are added: 
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where 
n  denote angular velocities. The following state vector x is then used: 
 T54325432        (3.39) 
The equations are then transformed into state-space form as 
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The input vector T is 
T
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The A and B matrices are then manipulated (for simulation purposes in MATLAB) as 
T xx BA → T11   ABA xx → TGF  xx , with 1 AG  and BGF   
3.5 Open differential with fixed relaxation length model 
In order to show the effect of a more detailed tyre model on the vibrational behaviour of the 
open differential, the fixed relaxation length model from Section 3.1 is adapted in order to 
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enable it to be transformed into state-space form. This is achieved by modifying the equations 
of motion of the wheel and including the transient slip equation (3.5) in terms of the existing 
model states, as shown below. The main difference between this new model and the original is 
that the transient slip quantities are now included as states in the state-space formulation. 
Equation (3.27) becomes 
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while Equation (3.28) becomes 
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Equation (3.5) is rewritten with the transient slip quantity κti as a state, as 
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The following updated state vector x is then used: 
 TtRtL  54325432      (3.48) 
 
The equations are transformed into state-space form as before; the modified A matrix is now 
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    (3.49) 
with 
4
2
1
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D
C
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
  and 
4
2
1
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C
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I

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The modified matrix B is 
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  (3.50) 
The input vector T is 
T
xxxx
Din VVRFRF
nT








00000
2
   (3.51) 
 
While this model remains outside of a full vehicle model, the vehicle forward speed Vx has to be 
included as a constant rather than a state. Although this precludes fully time-varying simulations 
being performed, it does have the effect of enabling the damping effects of the relaxation length 
to be assessed at different forward speeds. Once this model is incorporated into a full driveline 
or vehicle model, the vehicle speed will become a state. This is described in more detail in 
following sections. 
3.6 Full driveline model with open differential 
Using the open differential state-space model shown in the preceding section, a full driveline 
state-space model is constructed in MATLAB. Figure 3.32 shows a schematic of the layout 
being modelled. It represents a basic front-engined, rear-wheel-drive vehicle with a manual 
transmission and an open differential. The transmission is simplified such that the connection 
between the transmission input and output is assumed to be rigid, giving a purely kinematic 
relation between their respective motions. In addition, the crown and planetary gears of the 
differential are neglected which gives a pure kinematic relation between the two differential 
output pinions and the input pinion. 
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Figure 3.32 – Open differential driveline schematic 
 
The individual equations of motion for each component shown are as follows. The flywheel‟s 
equation of motion are written as 
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Similarly, considering the gearbox input and outputs, the transmission equations are written as 
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Taking into account the input pinion and each side gear, the equations for the differential is 
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The equations of motion for the wheels and vehicle change depending on the tyre model used. 
Four tyre models are initially transformed for use with the state-space driveline model – namely, 
the torsional spring model, a linear slip model, a fixed relaxation length model and a fully 
nonlinear relaxation length model. In the latter two models, nonlinearity is introduced via the 
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implementation of the instantaneous slip ratio, which represents a nonlinear function of two of 
the state variables – namely the rotational speed of the wheels and the forward speed of the 
vehicle. This nonlinearity can be easily handled by assuming operation about a given pair of 
these variables. Ultimately, all of these models are suitable for linear state-space analysis, 
enabling natural frequencies and mode shapes to be obtained. 
3.6.1 Torsional spring model 
Initially, the torsional spring model from Section 3.2 is used in the driveline model. Neglecting 
the rotational inertia of the tyre belt, the equations of motion for the wheel rims are 
  075735732
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while the vehicle equation is 
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It should be mentioned that tyre torsional damping has deliberately been neglected in this model 
in order to emphasise the differences in damping between a basic tyre model, such as this one, 
and more realistic alternatives such as the linear slip and fixed relaxation length-based models. 
 
In all of the above equations (in addition to those that follow with the remaining three tyre 
models), Ii refers to the rotational inertia of the respective components as depicted in Figure 
3.36, Ci and Ki are the damping and stiffness coefficients respectively, and Ti refers to the 
reaction torques at each joint. Tin refers to the torque applied to the flywheel by the engine. 
Meanwhile, θi represents the angular displacements of the components along with the associated 
derivatives for velocity and acceleration. R represents the tyre‟s laden rolling radius, and Fx is 
the longitudinal tyre force. Finally, the vehicle mass is given by m, while x represents the 
longitudinal displacement of the vehicle. 
3.6.2 Linear slip model 
This represents the tyre force as a linear function of slip at the contact patch. This model, unlike 
the torsional spring model, is able to take into account sliding at the contact patch. However, it 
is not able to account for the compliant connection between the tyre belt and rim and therefore 
the experimentally-observed first-order lag in the slip quantity due to this compliance. The 
model is incorporated as follows. The new wheel equations are 
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while the vehicle equation is 
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        (3.63) 
with the slip ratio κ defined as 
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Using Equation (3.64), Equations (3.61) to (3.63) can be rewritten as 
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Equations (3.65) to (3.67) are linearised by assuming operation about a fixed value of the 
vehicle‟s forward speed |Vx|. Note that the vehicle speed also appears as a transient state, 
denoted by U. Hence the system of equations remains linear for the purpose of calculating the 
eigenvectors and eigenvalues, albeit limiting the validity of the results to the instant at which the 
vehicle is travelling at that particular speed. 
3.6.3 Fixed relaxation length model 
This belongs to the category of „point contact‟ transient tyre models [44] and is based on the 
combination of a steady-state slip-based force function that accepts a transient state as an input. 
The steady-state force function can be a linear, slip-based model such as that presented in 
Section 3.6.2 above, or a nonlinear slip-based model such as Pacejka‟s Magic Formula model 
[43]. The variable used as the abscissa is the so-called transient slip quantity [44], which 
represents the first-order lagging response of the slip at the contact when the macroscopic slip – 
given by Equation (3.64) – is applied to the wheel. The principle of the relaxation length is 
depicted in Figure 3.33, which shows a wheel and tyre operating in traction. 
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Figure 3.33 – Relaxation length schematic 
 
The sliding speed at the contact patch (the speed at which the surface of the tyre slides over that 
of the road) is denoted Vsc, while the wheel rim tangential speed (absolute speed relative to the 
ground) is defined as Vs = ωR–Vx. From this, the rate of deflection of the spring representing the 
tyre carcass compliance is defined as 
scs VV
t
h



          (3.68) 
where h represents the longitudinal deflection of the carcass. The localised slip ratio at the 
contact patch can be approximated as 
x
sc
t
V
V
           (3.69) 
If it is assumed that the friction force is generated instantaneously at contact patch level in 
response to this localised slip ratio, and that the slip ratio is small, the longitudinal tyre force can 
be calculated using 
tFxx CF            (3.70) 
where CFx represents the traction or slip stiffness of the tyre. This force Fx is reacted by the tyre 
carcass such that 
hKF cx            (3.71) 
where Kc represents the equivalent longitudinal carcass stiffness at road level. Combining 
Equations (3.70) to (3.71) it can be shown that 
sx
Fx
c VhV
C
K
t
h



         (3.72) 
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The quotient CFx/Kc which appears inverted in Equation (3.72) represents the longitudinal tyre 
relaxation length, denoted Sx, which can be described as being a
 
measure of the travelling 
distance required before the tyre develops its steady-state slip at the contact patch in the event of 
a step-slip excitation at wheel level [45]. Equation (3.72) can then be written as 
sx
x
VhV
St
h


 1
         (3.73) 
Furthermore, Equation (3.73) can be rewritten in terms of the localised slip ratio κt. Combining 
Equations (3.70) and (3.71) gives 
x
t
S
h
           (3.74) 
Substituting Equation (3.74) into Equation (3.73) and using 
x
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and 
xxs VVRV            (3.76) 
the following is obtained: 
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Using Equation (3.77), the lagging response of the transient slip κt at the contact patch for the 
left- and right-hand tyres is provided by the following first-order differential equations, in terms 
of the driveline model states presented previously: 
07 





UR
t
V
t
S xtL
tL
x



       (3.78)    
08 





UR
t
V
t
S xtR
tR
x



       (3.79) 
Note again that the absolute value of vehicle speed |Vx| appearing in the denominators of the 
various terms is a constant value for the purpose of the linear state-space analysis, while the U 
terms refer to the transient vehicle speed of the model. It has been shown that the relaxation 
length varies with the level of slip and the vertical load of the tyre [44]. Initially, however, it 
will be kept constant, hence this model is referred to as „fixed relaxation length‟. 
 
Having established the transient slip κt and assuming a linear steady-state model such as that 
discussed in Section 3.6.2, the equations of motion of the wheels are 
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while the vehicle equation is 
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3.6.4 Fully nonlinear relaxation length 
In an attempt to capture the slip/load-dependency of the lag observed in the contact slip, in 
addition to the nonlinearities of the contact force itself, a further relaxation length-based tyre 
model is implemented. It results from the amalgamation of Pacejka‟s Magic Formula [43] and a 
first-order lagging transient slip quantity [44]. This takes the instantaneous macroscopic slip at 
wheel level from Equation (3.1) and outputs the „actual‟ lagging slip at the contact patch, 
through the use of the relaxation length concept within a first-order differential equation, as 
described below. The model can also be made vertical load-dependent, automatically updating 
the values of the Magic Formula coefficients in order to reflect their dependency on the varying 
vertical load during a manoeuvre. The transient slip is calculated by solving Equation (3.77), 
where the relaxation length Sx can be replaced with [44] 
t
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         (3.83) 
 
Using Equation (3.83), the relaxation length is made slip-dependent by using the instantaneous 
value of the Magic Formula tyre force curve gradient, which obviously varies depending on the 
value of slip (Figure 3.34). Dividing this value of the tyre force curve gradient by the 
longitudinal tyre carcass stiffness provides the instantaneous relaxation length, in place of the 
constant value used in Equations (3.78) and (3.79). The version of the Magic Formula used in 
the following simulations is the basic formulation for longitudinal slip as described by Equation 
(3.84) 
   tttttttttx BBEBCDF  arctanarctansin       (3.84) 
where 
zt FD  . 
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Figure 3.34 – Interdependency of model variables 
 
It is well known that at vanishing slip, the initial gradient of the force-slip curve is independent 
of friction but dependent on vertical load [44]. Longitudinal load transfer is neglected in this 
model for a number of reasons. The first is to enable the focus to be on the effect of the tyres 
and driveline. To this end, the number of modes has been deliberately kept to a minimum for 
clarity. Also, the torque levels applied are low – leading to a modest load transfer which would 
constitute only a fraction of the total load on the rear axle. Finally, pitch dynamics are generally 
slower than even the lowest shuffle dynamics at around 2.5-3 Hz. In Section 3.6.6 it is shown 
that, particularly on low-friction surfaces, the frequencies observed are typically above 10 Hz; 
hence the omission of load transfer does not affect the validity of the results. Based on the 
above arguments, the vertical load on the axle is kept constant along with the initial gradient of 
the force-slip curve (the product BtCtDt). As there is no load change assumed, the parameter Ct 
is set constant and equal to C0=1.5, while Et = E0 = -1. Clearly, if the friction coefficient varies, 
then the value of Dt in Equation (3.84) will also change. The only remaining parameter able to 
compensate for the change of Dt in the product BtCtDt is, therefore, Bt. Thus, the parameter Bt is 
obtained from the fixed initial gradient B0C0D0 (Equation (3.85)), with the values of B0, C0 and 
D0 set to 12, 1.5 and the fixed value of Fz respectively. These are approximated from example 
values given in [44]. 
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3.6.5 Transformation to state-space 
The kinematic and force relationships between the gearbox and differential components are 
incorporated using the following equations: 
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GnTT  23           (3.88) 
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where nG and nD are the transmission and differential ratios respectively. Using Equations (3.86) 
to (3.89), the following set of modified driveline equations can be obtained (not including the 
wheel and vehicle equations): 
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



K
n
nKnK
tn
nC
tt
C
tt
nC
tt
nI
t
I
G
DD
G
DD
DD
D
IN
LOUT


    (3.93) 
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The above system of second-order differential equations is augmented by the following 
auxiliary equations: 
1
1 




t
          (3.94) 
2
2 




t
          (3.95) 
5
5 




t
          (3.96) 
6
6 




t
          (3.97) 
7
7 




t
          (3.98) 
8
8 




t
          (3.99) 
Ux                        (3.100) 
These equations are now ready to be represented in state-space form. The inertia, damping and 
stiffness elements of the state-space matrices, in addition to the state and input vectors (x and T 
respectively), vary depending on the tyre model used. For the purpose of simulation in the time 
domain the nonlinear state-space description is used, while the linear state-space formulation is 
reserved for eigen-analysis. The matrix representations for each model are of the form 
Txx BA                       (3.101) 
where matrix A is of the form 
   
   




i0
CI
                     (3.102) 
with I, C and i referring to the inertia, damping and identity matrices respectively. 
Matrix B is 
   
   




 0
0
i
K
                      (3.103) 
with K referring to the stiffness matrix. The inertia, damping and stiffness matrices for each of 
the models are described below. 
Torsional spring model 
State vector x 
 TxU 876521876521                (3.104) 
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I matrix 























m
I
I
II
II
I
I
R
L
RoutLout
W
W
CC
DD
C
F
000000
000000
000000
00000
00000
000000
000000
32
1
                 
(3.105) 
C matrix 




























0000000
00000
00000
000
000
000
00000
44
33
3432
4343
2211
11
CC
CC
CCCC
CCCC
CCCC
CC
CCC
CCC
                
(3.106) 
with 
21
G
G
GC
n
I
II OUT
IN
 , 
4
2
2
DD
DC
nI
II IN
LOUT

 , 
4
2
3
DD
C
nI
I IN

 ,
 
12
2
1 C
n
C
C
G
C  , 
G
D
C
n
nC
C



2
2
2 , 3
2
2
3
4
C
nC
C DC 

  and 
4
2
2
4
D
C
nC
C

 . 
K matrix 



































R
K
R
K
R
K
R
K
KK
R
K
KK
KKKK
KKKK
KKKK
KK
ttt
t
C
t
C
CCC
CCC
2
0000
0000
0000
000
000
000
00000
64
53
3432
4343
2211
11
               
(3.107) 
with 12
2
1 K
n
K
K
G
C  , 
G
D
C
n
nK
K



2
2
2 , 3
2
2
3
4
K
nK
K DC 

 , 
4
2
2
4
D
C
nK
K

 , 
tC KKK  35  and tC KKK  46 . 
Input vector T 
 TinT 0000000000000                 (3.108) 
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Linear slip model 
State vector x 
 TxU 876521876521                (3.109) 
I matrix 























m
I
I
II
II
I
I
R
L
RoutLout
W
W
CC
DD
C
F
000000
000000
000000
00000
00000
000000
000000
32
1
                 (3.110) 
C matrix 





































x
Fx
x
Fx
x
Fx
x
Fx
C
x
Fx
C
CCC
CCC
V
C
V
RC
V
RC
V
RC
CC
V
RC
CC
CCCC
CCCC
CCCC
CC
2
0000
0000
0000
000
000
000
00000
64
53
3432
4343
2211
11
              (3.111) 
with 
21
G
G
GC
n
I
II OUT
IN
 , 
4
2
2
DD
DC
nI
II IN
LOUT

 , 
4
2
3
DD
C
nI
I IN

 ,
 
12
2
1 C
n
C
C
G
C  , 
G
D
C
n
nC
C



2
2
2 , 3
2
2
3
4
C
nC
C DC 

 , 
4
2
2
4
D
C
nC
C

 , 3
2
5 C
V
RC
C
x
Fx
C 
 
and 
4
2
6 C
V
RC
C
x
Fx
C  . 
K matrix 




























0000000
00000
00000
000
000
000
00000
44
33
3432
4343
2211
11
KK
KK
KKKK
KKKK
KKKK
KK
CCC
CCC
                (3.112) 
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with 12
2
1 K
n
K
K
G
C  , 
G
D
C
n
nK
K



2
2
2
, 3
2
2
3
4
K
nK
K DC 

  and 
4
2
2
4
D
C
nK
K

 . 
Input vector T 
 TinT 0000000000000                 (3.113) 
Fixed relaxation length model 
State vector x 
 TtRtLxU  876521876521              (3.114) 
I matrix 























m
I
I
II
II
I
I
R
L
RoutLout
W
W
CC
DD
C
F
000000
000000
000000
00000
00000
000000
000000
32
1
                 (3.115) 
C matrix 




























000000000
0000000
0000000
00000
00000
00000
0000000
44
33
3432
4343
2211
11
CC
CC
CCCC
CCCC
CCCC
CC
CCC
CCC
               (3.116) 
with 
21
G
G
GC
n
I
II OUT
IN
 , 
4
2
2
DD
DC
nI
II IN
LOUT

 , 
4
2
3
DD
C
nI
I IN

 ,
 
12
2
1 C
n
C
C
G
C  , 
G
D
C
n
nC
C



2
2
2 , 3
2
2
3
4
C
nC
C DC 

  and 
4
2
2
4
D
C
nC
C

 . 
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The i matrix in matrix A is replaced by 




























x
x
S
S
00000000
00000000
001000000
000100000
000010000
000001000
000000100
000000010
000000001
                  (3.117) 
K matrix 





























tt
t
t
CCC
CCC
CC
RCKK
RCKK
KKKK
KKKK
KKKK
KK
0000000
000000
000000
00000
00000
00000
0000000
44
33
3432
4343
2211
11
              (3.118) 
with 12
2
1 K
n
K
K
G
C  , 
G
D
C
n
nK
K



2
2
2 , 3
2
2
3
4
K
nK
K DC 

  and 
4
2
2
4
D
C
nK
K

 . 
The –i matrix in matrix B is replaced by 





































100000
100000
1000000
0100000
0010000
0001000
0000100
0000010
0000001
R
R
                 (3.119) 
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while the lower-right [0] portion of matrix B is replaced by 




























x
x
V
V
00000000
00000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
                  (3.120) 
Input vector T 
 TinT 000000000000000                (3.121) 
Fully nonlinear relaxation length model 
State vector x 
 TxU 876521876521                (3.122) 
I matrix 























m
I
I
II
II
I
I
R
L
RoutLout
W
W
CC
DD
C
F
000000
000000
000000
00000
00000
000000
000000
32
1
                 (3.123) 
C matrix 




























0000000
00000
00000
000
000
000
00000
44
33
3432
4343
2211
11
CC
CC
CCCC
CCCC
CCCC
CC
CCC
CCC
                (3.124) 
with 
21
G
G
GC
n
I
II OUT
IN
 , 
4
2
2
DD
DC
nI
II IN
LOUT

 , 
4
2
3
DD
C
nI
I IN

 ,
 
12
2
1 C
n
C
C
G
C  , 
G
D
C
n
nC
C



2
2
2 , 3
2
2
3
4
C
nC
C DC 

  and 
4
2
2
4
D
C
nC
C

 . 
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K matrix 




























0000000
00000
00000
000
000
000
00000
44
33
3432
4343
2211
11
KK
KK
KKKK
KKKK
KKKK
KK
CCC
CCC
                (3.125) 
with 12
2
1 K
n
K
K
G
C  , 
G
D
C
n
nK
K



2
2
2 , 3
2
2
3
4
K
nK
K DC 

  and 
4
2
2
4
D
C
nK
K

 . 
Input vector T 
  TxRxLxRxLin FFRFRFT 0000000000               (3.126) 
 
Table 3.4 summarises the parameter values used in this series of models. 
IF (kgm
2
) IGIN (kgm
2
) IGOUT (kgm
2
) IDIN (kgm
2
) IDOUTL kgm
2
) IDOUTR kgm
2
) 
0.29 0.003 0.004 0.001 0.006 0.006 
IWL (kgm
2
) IWR (kgm
2
) C1 Nms/rad) C2 (Nms/rad) C3 (Nms/rad) C4 (Nms/rad) 
0.4 0.4 0.26 0.14 0.24 0.24 
K1 (Nm/rad) K2 (Nm/rad) K3 (Nm/rad) K4 (Nm/rad) Kt (Nm/rad) CFx (N) 
600 11500 12000 12000 6827 40000 
Kc (N/m) nG nD m (kg) R (m) Sx (m) 
66667 3 4 1600 0.32 0.6 
Table 3.4 – Parameter values for open differential driveline model 
3.6.6 Simulation results 
Using the state-space matrices derived above, the eigenvalues (λ) and eigenvectors (V) are 
calculated using MATLAB for each of the tyre models using Equations (3.127) and (3.128) 
respectively, enabling mode shapes to be plotted. 
0 I)det( F                     (3.127) 
DF VV                       (3.128) 
where D is the concatenated matrix of eigenvalues (λ) obtained from Equation (3.127). 
 
The eigenvectors for each case are normalised by the largest magnitude element in each in order 
to give the plots shown in Figures 3.38 to 3.43. Note that the position labels along the x-axis of 
each of these plots refer to the following degrees of freedom: Flyw – flywheel, GbIn – 
transmission input, DifL – left differential output, DifR – right differential output, WheL – left 
wheel, WheR – right wheel, Veh – vehicle body. The plots are arranged so that the driveline 
„spreads out‟ from the centre of the plot starting from the flywheel. This allows symmetry (or 
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otherwise) to be easily depicted. For the purpose of linearisation, wherever required, the forward 
speed of the vehicle is taken as 0.5 m/s to represent a low-speed rolling pull-away manoeuvre.   
3.6.6.1 Torsional spring 
Figures 3.35 and 3.36 show the symmetrical and anti-symmetrical mode shapes respectively for 
the driveline with the torsional spring tyre model. Note that the magnitude of the vehicle 
oscillation has been normalised by the laden rolling radius of the tyre in order to convert it into 
an angular displacement (radians), so that it corresponds to the other degrees of freedom. In 
addition, the magnitudes of the flywheel and transmission input have been normalised by the 
overall (i.e. gearbox and differential) reduction ratio of the transmission in order to remove the 
contribution of this ratio to the magnitudes of the results. 
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Figure 3.35 – Symmetrical modes – Torsional spring 
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 Veh WheL DifL GbIn Flyw GbIn DifR WheR Veh  
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Figure 3.36 – Anti-symmetrical modes – Torsional spring 
 
Mode 7 – the rigid body mode – is not plotted. It sees each degree of freedom rotating in unison 
with no relative displacement. This result is also characterised by a zero natural frequency, and 
is also present for the remaining two tyre models. 
3.6.6.2 Linear slip model 
Figures 3.37 and 3.38 show the mode shapes for the driveline with the linear slip tyre model. 
Note that only the modes with sub-critical damping ratios have been plotted. From Table 3.5 it 
is shown that in this case there are two modes for which the damping ratio is greater than unity 
– due to the corresponding poles being real – so the response is non-oscillatory and instead is 
simply given by a decaying exponential. Also, as shown in Figure 3.38, there is only one anti-
symmetric mode associated with this model. 
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Figure 3.37 – Symmetrical modes – Linear slip 
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Figure 3.38 – Anti-symmetrical mode – Linear slip 
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3.6.6.3 Fixed relaxation length 
Figures 3.39 and 3.40 show the mode shapes for the driveline with the fixed relaxation length 
tyre model. All mode shapes for this tyre model are again similar in appearance to those 
produced by the torsional spring model. Comparisons were produced of the mode shapes 
produced with each tyre model. Most showed only negligible differences and are not presented 
here; however, the shuffle mode (denoted Mode 6 in Table 3.5) does display significant change 
between tyre models. Figure 3.41 shows this comparison. 
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Figure 3.39 – Symmetrical modes – Fixed relaxation length 
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Figure 3.40 – Anti-symmetrical modes – Fixed relaxation length 
 
 
Figure 3.41 – Comparison of shuffle mode with different tyre models 
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Figure 3.41 reveals the qualitatively identical shuffle mode shapes for the torsional spring and 
relaxation length models. Using the virtual work method, it can be shown that the torsional 
stiffness of the tyre Kt can be related to the translational stiffness Kc 
2R
K
K tc 
                      
(3.129) 
The values of Kc, Kt and R in Table 3.4 are selected so that Equation (3.129) is satisfied. 
Furthermore, the relaxation length Sx and the tyre traction stiffness CFx are selected so that Sx = 
CFx/Kc, as required by Equations (3.72) and (3.73). This selection of Kc – along with the 
subsequent selection of Sx and CFx – ensures that in terms of carcass compliance, the relaxation 
length model is identical to the torsional spring model, which in turn leads to the almost 
identical shuffle mode predicted by the two models. It is worth noting that the shuffle mode 
manifests itself as a monotonous wind-up of the driveline, whereby all degrees of freedom 
starting from the wheel rims moving inwards rotate in phase, with the maximum cumulative 
rotation observed at the flywheel. The vehicle motion is out-of-phase, exhibiting a negative 
displacement for positive driveline wind-up, albeit satisfying monotony and thus contributing to 
the cumulative drive-line wind-up. 
 
Despite the similarity between the relaxation length and torsional spring models in terms of the 
shuffle mode shape, a closer examination of the corresponding damping ratios in Table 3.5 
reveals the fundamentally different nature of the models. In particular, the relaxation length 
model exhibits a damping ratio approximately 50 times greater than that of the torsional spring 
model. Since the derivation of the relaxation length model assumes that there is no damping 
present (Equation (3.74)), the observed difference in damping ratio is attributed to the 
combination of the relaxation length with a linear contact slip model which promotes energy 
loss at the contact. 
 
The linear slip model exhibits a similar driveline wind-up, with the maximum cumulative 
rotation observed at the flywheel. However, the rotation of the wheel rims is out of phase with 
the rest of the driveline and in phase with the vehicle displacement, i.e. both are negative. 
Physically, this is explained by the fact that the rims are effectively connected to the vehicle by 
a damper which, especially at low speeds, is characterised by a significant damping coefficient, 
as dictated by Equations (3.65) to (3.67). Hence, at low travelling speeds, this generates an 
almost rigid connection between the wheel-rim and the vehicle, i.e. the two degrees of freedom 
move in phase and there is no wind-up between the rim and the vehicle.  
 
Table 3.5 shows the damping ratios and associated natural frequencies for each mode for all 
three tyre models. Note that the rigid body modes are denoted by „RB‟ in Tables 3.5 and 3.6. 
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Model Torsional spring Linear slip Fixed relaxation length 
Mode 
Damping 
ratio 
Damped 
freq (Hz) 
Damping 
ratio 
Damped 
freq (Hz) 
Damping 
ratio 
Damped 
freq (Hz) 
1 0.0172 443.5 0.0173 443.5 0.0172 443.5 
2 0.0071 226.8 0.0076 225.1 0.0071 226.8 
3 0.0764 73.7 0.0805 72.6 0.0764 73.7 
4 0.0071 30.8 > 1 0 0.0081 30.8 
5 0.0000 20.6 > 1 0 0.0032 20.6 
6 0.0003 2.4 0.0240 3.6 0.0159 2.4 
7 0.0000 0 (RB) 0.0000 0 (RB) 0.0000 0 (RB) 
Table 3.5 – Summary of damping ratios and natural frequencies – 0.5 m/s forward speed 
 
The effectively rigid connection (due to significant damping) between the rim and vehicle in the 
linear slip model also leads to an increased shuffle frequency of 3.6 Hz, compared to the 2.4 Hz 
predicted by the other models. The increase is explained by the lack of carcass compliance in 
the model. Although both models assume a linear slip connection with the road (and hence the 
vehicle), in the relaxation length model this damping mechanism is connected in series with a 
relatively compliant carcass spring, which dominates the response and leads to the reduction in 
damping ratio. However, damping is the only mechanism of interaction between the rim and 
vehicle, and so its activation is guaranteed in the shuffle mode with a corresponding influence 
upon the damping ratio. 
 
Considering Equations (3.65) to (3.67), an increase in forward speed should lead to a reduction 
in the effective damping coefficient introduced by the linear slip model. This would result in a 
less rigid damping connection between the rim and the vehicle, meaning that an additional 
relative velocity between the rim and the vehicle would be required for the transfer of a given 
force. Since the dissipated power is proportional to the square of the relative velocity, this 
would lead to a corresponding increase in the damping effect, reflected in the damping ratio. A 
similar logic applies to the relaxation length model, where an increase in forward speed would 
result in a less stiff damper being connected in series with the carcass compliance, thus 
increasing the overall damping effect. Both predictions are verified by observing the 
corresponding damping ratios at a forward speed of 5 m/s, shown in Table 3.6. Both shuffle 
damping ratios of the linear slip and relaxation length models have increased approximately 
tenfold, whereas the torsional spring model delivers identical results for all modes, as expected. 
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Model Torsional spring Linear slip Fixed relaxation length 
Mode 
Damping 
ratio 
Damped 
freq (Hz) 
Damping 
ratio 
Damped 
freq (Hz) 
Damping 
ratio 
Damped 
freq (Hz) 
1 0.0172 443.5 0.0173 443.5 0.0172 443.5 
2 0.0071 226.8 0.0106 225.6 0.0071 226.8 
3 0.0764 73.7 0.0829 72.6 0.0764 73.7 
4 0.0071 30.8 > 1 0 0.0165 30.8 
5 0.0000 20.6 > 1 0 0.0321 20.6 
6 0.0003 2.4 0.2307 3.5 0.1559 2.4 
7 0.0000 0 (RB) 0.0000 0 (RB) 0.0000 0 (RB) 
Table 3.6 – Summary of damping ratios and natural frequencies – 5 m/s forward speed 
 
As the relaxation length is, in reality, slip-dependent [44], the results included in Tables 3.5 and 
3.6 would only be valid if the level of slip through the manoeuvre is relatively low, as would be 
the case on a surface with high friction availability. 
3.6.6.4 Fully nonlinear relaxation length model 
The following case studies are investigated with the modified state-space model including the 
fully nonlinear relaxation length tyre model: 
1. Uniform high-μ surface (μ=1) 
2. Uniform low-μ surface (μ=0.1) 
3. High/low split-μ surface (μ=1 & 0.2) 
4. Low/low split-μ surface (μ=0.2 & 0.1) 
Each case is simulated in MATLAB using the state-space model described in the preceding 
sections for 2 s with a step torque input of 80 Nm and an initial vehicle speed of 0.5 m/s. One of 
the main results of interest from this particular study is the torque in the halfshafts. It is 
expected that, because of the open differential, the torque will be equal in both halfshafts. 
Therefore, only the results for one side are shown. The torque itself is calculated using the 
differences in displacement and speed between the output of the differential and wheel rim, and 
the stiffness and damping coefficients of the halfshaft 
   573573   CKThalfshaft                   (3.130) 
Figures 3.42 to 3.45 show the halfshaft torque plots for each surface condition. Due to the 
relatively low levels of slip in the high-μ case (Figure 3.42), the relaxation length is relatively 
large, meaning that the rate of change of the transient as the slip ratio stays in the linear region. 
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Figure 3.42 – Halfshaft torque on uniform high-μ surface 
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Figure 3.43 – Halfshaft torque on uniform low-μ surface 
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The significant torque oscillations in Figure 3.43 for the uniform low-μ case show that the tyre 
carcass undergoes rapid winding and unwinding as the contact patch continuously finds and 
loses traction. The oscillations have the largest magnitude at the beginning of the manoeuvre as 
the vehicle inertia resists the torque input from the engine. As the vehicle speed gradually 
increases, the level of slip decreases, causing the oscillations to become smaller and settle 
towards a steady-state value of around 100 Nm. The high level of slip in this case, implies that 
the relaxation length of both tyres will be very low, and therefore that the rate of change of slip 
is increased. This suggests that the rate of change of longitudinal force (and hence reactive 
torque) are also increased.   
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0
50
100
150
200
250
300
350
400
H
a
lf
s
h
a
ft
 t
o
rq
u
e
 (
N
m
)
Time (s)
 
Figure 3.44 – Halfshaft torque on high/low split-μ surface 
 
Similar to the findings on the uniform low-μ surface, Figure 3.44 also shows the halfshaft torque 
fluctuating greatly on the high/low split-μ surface, albeit with an increased magnitude over the 
low-µ case. Also apparent is the reduction in oscillation frequency, with the main frequency 
around half that of the low-μ case (see also Table 3.7). As the torque in the halfshaft builds up, 
it eventually overcomes the resistive force at the contact patch on the low-μ side, causing 
significant wheel spin. This torque is not able to overcome the reaction of the wheel on the 
high-μ side, which does not rotate as quickly due to the efficient coupling between the contact 
patch and road surface. The tyre winds up due to the high relaxation length, leading to 
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vibrations being transferred across the differential to the low-μ side as it unwinds as the vehicle 
increases its speed. 
 
The low/low split-μ case (Figure 3.45), with the right-hand wheel on a surface with a friction 
coefficient only 0.1 lower than the left-hand wheel, shows that as both wheels have similar 
traction availability, the halfshaft torque is much less as the tractive resistance on both wheels – 
though not equal – is relatively low. This means that as the wheels can rotate faster, and 
therefore closer to the speed of the differential output pinions, the torque in the halfshafts will 
be lower as there is less winding-up. 
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Figure 3.45 – Halfshaft torque on low/low split-μ surface 
 
The halfshaft torque shown in Figure 3.45 for the low/low split-μ surface appears similar in 
terms of oscillation frequency to that shown in Figure 3.43 for the low-μ case, after around 0.3 
s. This is confirmed from the frequency analysis results shown in Table 3.7. The oscillation 
magnitude is clearly much lower on this surface than the high/low split-μ surface, which can be 
attributed to there being a much lower reactive force at the contact patch of the wheel on the 
higher-friction side, due to the reduced level of traction available. 
 
A fast Fourier transform (FFT) is carried out on the halfshaft torque plots in order to determine 
the oscillation frequency of the torque fluctuations in each. Table 3.7 summarises these results. 
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Case Dominant 
frequencies (Hz) 
Oscillation 
magnitude (Nm) 
1 – Uniform high-μ 2.4 288.5 
2 – Uniform low-μ 23.4 20.6 
3 – High/low split-μ 11.9, 28.6 89.9, 22.8 
4 – Low/low split-μ 11.9, 28.6 34.2, 10.7 
Table 3.7 – FFT results for nonlinear relaxation length model 
 
The FFT plots for the three cases involving low-μ surfaces are shown in Figure 3.46. As would 
perhaps be expected, the two cases on uniform surfaces display only one dominant frequency, 
while the remaining cases on split-μ surfaces display two due to the excitation of the anti-
symmetric modes. The plots are limited to 50 Hz as there is no discernible contribution above 
this frequency. 
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Figure 3.46 – FFT of halfshaft torques – nonlinear relaxation length 
 
The frequencies corresponding to the low-friction cases in Table 3.7 do not correlate with any of 
those identified in Table 3.5. Starting from the uniform low-μ case, one would expect – due to 
the symmetry of the friction conditions – only symmetrical modes to be activated during a pull-
away manoeuvre. Looking at Figure 3.38, the candidate linear modes are at 443.5, 73.6 and 30.8 
Hz. It appears that the closest mode is Mode 4, at 30.8 Hz. Therefore, it is speculated that the 
23.4 Hz frequency from Figure 3.45 for the uniform low-μ case corresponds to a mode of 
vibration equivalent to Mode 4 in Table 3.5 at 30.8 Hz. A direct comparison of the observed 
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frequency of 23.4 Hz to the 30.8 Hz frequency obtained from linearisation is meaningless, as 
the former results from a highly nonlinear model, where the tyre force curve is nonlinear and the 
relaxation length varies with longitudinal slip. In a further effort to explain this difference in 
frequency, it is observed that, because of low friction, the tyre forces saturate during the 
manoeuvre. This in turn leads to the traction stiffness of the tyres CFx reducing to or 
approaching zero. Considering Equations (3.80) to (3.82) for the fixed relaxation length model, 
it is evident that for a perturbation around an operating point of saturated tyre force (when CFx 
would equal zero) the vehicle motion decouples from that of the driveline. Thus, any oscillatory 
modes would involve only the driveline, starting at the wheel rims and moving inwards to the 
flywheel. In order to verify this, an eigen-analysis (Table 3.8) was carried out on the driveline 
alone, which revealed a frequency equal to 23.2 Hz, associated to a symmetric mode similar to 
Mode 4, albeit without the vehicle displacement present. 
 
A similar rationale can be applied to the high/low split-μ and low/low split-μ cases, where the 
two frequencies identified (around 29 Hz and 12 Hz) can be related to Modes 4 and 5 from 
Table 3.5, where the initial frequencies are 30.9 and 20.6 Hz respectively. Mode 5 is an anti-
symmetric mode, which is expected to be activated as a result of the differences in surface 
friction in the split-μ cases. The split-μ case in combination with an open differential leads to a 
situation where the applied torque is limited by the side with less friction. That side saturates 
first, leading to the effective decoupling of the rim from the road/vehicle, as suggested above. In 
contrast, the side with high friction always remains coupled with the road/vehicle. Based on this 
observation, a linear model of the driveline is constructed where one wheel is decoupled from 
the road, while the other one interacts via a relaxation length and linear slip combination. Eigen-
analysis reveals frequencies of 12.0 and 28.6 Hz, associated to an anti-symmetric and a 
symmetric mode respectively (Table 3.8). 
Model Wheels fully 
coupled to road 
Wheels fully 
decoupled from road 
One wheel 
coupled to road 
Mode 
Damping 
ratio 
Damped 
freq (Hz) 
Damping 
ratio 
Damped 
freq (Hz) 
Damping 
ratio 
Damped 
freq (Hz) 
1 0.0172 443.5 0.0172 443.5 0.0172 443.5 
2 0.0071 226.8 0.0071 226.8 0.0071 226.8 
3 0.0764 73.6 0.0769 73.6 0.0766 73.6 
4 0.0077 30.8 0.0081 23.2 0.0071 28.6 
5 0.0018 20.6 >1 0.0 0.0033 12.0 
6 0.0089 2.4 >1 0.0 >1 0.0 
7 >1 0.0 >1 0.0 >1 0.0 
Table 3.8 – Effects of varying coupling – fully nonlinear relaxation length model 
3.6.7 Discussion 
Eigen-analysis of the torsional spring, linear slip and fixed relaxation length-based models 
reveals a significant overestimation – around  50% – of the shuffle frequency by the linear slip 
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model, as a result of the lack of included carcass compliance. Meanwhile, only the linear slip 
and fixed relaxation length models predict a dependency on forward speed of the damping ratio 
for the shuffle mode. However, the damping predicted by the linear slip model is unrealistically 
high as a result of the rims being connected to the road/vehicle by a pure damping mechanism. 
In contrast, the damping ratios of the fixed relaxation length model are dominated by carcass 
compliance at low travelling speeds and contact slip, which gives additional damping at higher 
travelling speeds. 
 
The behaviour on surfaces with high friction is identical to that predicted by the linear models. 
However, on low- and split-μ surfaces, additional frequencies are seen that are not predicted by 
the linear models. A perturbed motion of the driveline from an operating point at which the tyre 
forces have saturated results in the effective decoupling of the driveline from the vehicle. 
Depending on whether the tyre force saturates at both tyres (uniform low-μ case) or at one tyre 
only (split-μ), the driveline-vehicle decoupling might be full or partial. Considering both cases 
of full and partial decoupling, eigen-analysis is performed on appropriately modified linear 
models and the frequencies obtained match the frequencies observed in the nonlinear time-
domain simulations. As such, the decoupling between driveline and vehicle at low friction 
levels proves to be the main mechanism causing frequency migration on such surfaces. While it 
is shown that the frequencies generated in the time domain by the nonlinear model can be 
predicted by appropriate linear analysis, successful simulation in the time domain is also 
dependent on accurately depicting the rate of force saturation. In addition, the variation of the 
relaxation length with forward speed must also be accounted for. 
3.7 Tyre belt model 
In the analysis of the models in the previous section, frequencies around 30 Hz are observed. 
Such frequencies lie relatively close to the first rim-to-belt torsional mode, which is not 
accounted for by any of the previously used models. In order to assess the potential influence of 
this mode in the response, a driveline model is constructed including a tyre model which takes 
into account the inertia of the tyre belt. The structure of the tyre model is depicted in Figure 
3.47. A torsional spring of stiffness Kt connects the rotational degrees of freedom of the wheel 
rim and tyre belt. The tyre belt is coupled to the vehicle inertia via the steady-state version of 
the Magic Formula (Equation (3.2)), i.e. using the macroscopic slip quantity (Equation (3.1)) as 
its input. No damping is included between the rim and belt. This model is equivalent in structure 
as that used in [64], which was used for the estimation of the value of the friction coefficient 
between the tyre and road surface. 
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Figure 3.47 – Schematic of tyre belt dynamics model 
 
The driveline equations for this model are the same as the previous models, with again only the 
wheel and vehicle equations changing. Additionally, there is an equation of motion for each of 
the tyre belts. The new wheel equations are 
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while the equations of motion for the tyre belts are 
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and finally the vehicle equation is 
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Following a similar structure to the previous models, the inertia, damping and stiffness matrices 
for this tyre belt model are constructed as follows: 
 
State vector x 
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Input vector T 
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The driveline parameter values from Table 3.4 were used, along with a value for inertia of the 
tyre belt of 0.159 kg.m2. This value was obtained using a typical loaded tyre torsional frequency 
of 33 Hz [44] in conjunction with the torsional spring stiffness of 6827 Nm/rad 
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where fn is the tyre torsional frequency in Hz and ITB is the inertia of the tyre belt in kg.m
2. 
3.7.1 Simulation results 
As with the fully nonlinear relaxation length model, four case studies are investigated: 
1. Uniform high-μ surface (μ=1) 
2. Uniform low-μ surface (μ=0.1) 
3. High/low split-μ surface (μ=1 & 0.2) 
4. Low/low split-μ surface (μ=0.2 & 0.1) 
Each case is simulated in MATLAB under the same input conditions as for the nonlinear 
relaxation length model: 80 Nm step torque input for 2 s. The result for the high-μ surface is 
identical to that of the fixed relaxation length model and as such is not shown here. This is due 
to the abundant friction allowing an efficient coupling between the road and tyre belts, 
constraining their degrees of freedom and effectively „damping out‟ the tyre modes. 
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Figure 3.48 – Halfshaft torque on uniform low-μ surface 
 
Figure 3.48 shows the halfshaft torque on the uniform low-μ surface. It is immediately clear that 
the oscillations are of greater magnitude than the corresponding oscillations from the relaxation 
length model. This is due to the additional inertia of the tyre belt winding and unwinding about 
the wheel rim and the torsional stiffness, representing the sidewall compliance which connects 
them. Despite the initial differences in amplitude, both the tyre belt and nonlinear relaxation 
length models appear to be settling towards a steady-state value of around 100 Nm. 
 
Figure 3.49 shows the torque profile for the high/low split-μ case. When compared with the 
relaxation length model, the torque oscillations are actually of lower magnitude, in contrast to 
the result obtained on the uniform low-μ surface. Both this and the plot for the low/low split-μ 
case (Figure 3.50) show qualitatively smoother torque profiles than the results obtained with the 
relaxation length model. This is due to the effect of the additional inertia of the tyre belt which 
acts as a filter for the most abrupt of the changes in tyre forces. 
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Figure 3.49 – Halfshaft torque on high/low split-μ surface 
 
The torque profile given in Figure 3.50 for the low/low split-μ case qualitatively shows a very 
similar shape to that obtained on the high/low split-μ surface, albeit with a lower amplitude of 
oscillation. The FFT results show identical frequency content between these two cases, while 
the difference in magnitude can be attributed to the much greater disparity in friction 
characteristics in the high-low split-μ case. 
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Figure 3.50 – Halfshaft torque on low/low split-μ surface 
 
As in the nonlinear relaxation length cases, an FFT is performed on the above halfshaft torque 
plots in order to determine their frequency content. The results of these FFTs are summarised in 
Table 3.9. As expected, in the cases involving low-μ surfaces, additional frequencies are present 
due to the added degrees of freedom of the tyre belts. 
Case Dominant 
frequencies (Hz) 
Oscillation 
magnitude (Nm) 
1 – Uniform high-μ 2.4 289.0 
2 – Uniform low-μ 18.6, 41.0 47.0, 7.5 
3 – High/low split-μ 10.5, 27.2, 40.1 66.7, 8.8, 7.5 
4 – Low/low split-μ 10.5, 27.2, 40.1 44.9, 2.7, 3.9 
Table 3.9 – FFT results for tyre belt model 
 
The FFTs for the cases involving low-μ surfaces are shown in Figure 3.51. Again the plots are 
limited to 50 Hz as no discernible contribution exists above this frequency. 
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Figure 3.51 – FFT of halfshaft torques – tyre belt model 
 
As discussed before, the response on the high-μ surface is identical to that of the relaxation 
length model and so is not repeated here. In each of the cases with surfaces featuring a low μ, 
the addition of a frequency around 40 Hz is common. Additionally, the uniform low-μ case is 
characterised by one more frequency at 18.6 Hz – arguably related to a symmetric mode – and 
the non-uniform cases by two frequencies at approximately 10.5 and 27 Hz, associated to an 
anti-symmetric and a symmetric mode respectively.    
 
Based on the concept of full or selective decoupling between the driveline and the vehicle, 
identified in the previous section as the responsible mechanism for frequency migration, three 
linear models of the driveline including belt inertia are prepared for eigen-analysis: one where 
both tyre belts are coupled with the road/vehicle through a linear slip model, one where the 
driveline is fully decoupled and one where only one wheel is coupled. The results obtained are 
shown in Table 3.10. The modes denoted „RB‟ are the rigid body modes. 
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Model Wheels fully 
coupled to road 
Wheels fully 
decoupled from road 
One wheel 
coupled to road 
Mode 
Damping 
ratio 
Damped 
freq (Hz) 
Damping 
ratio 
Damped 
freq (Hz) 
Damping 
ratio 
Damped 
freq (Hz) 
1 0.0172 443.5 0.0172 443.5 0.0172 443.5 
2 0.0071 226.8 0.0071 226.8 0.0071 226.8 
3 0.0766 73.7 0.0762 73.7 0.0765 73.7 
4 0.0201 30.8 0.0052 18.6 0.0065 27.2 
5 0.0216 20.6 > 1 0.0 0.0455 10.3 
6 0.0163 2.4 > 1 0.0 > 1 0.0 
7 0.0000 0 (RB) 0.0000 0 (RB) 0.0000 0 (RB) 
8 > 1 0.0 0.0034 41.1 0.0091 40.2 
9 > 1 0.0 0.0000 38.9 >1 0.0 
Table 3.10 – Effects of varying coupling – basic tyre belt model 
 
Clearly, the modified versions of the linear systems with varying levels of road interaction are 
able to explain the observed frequencies in the test cases performed using the nonlinear model 
including tyre belt dynamics. It is worth noting that, in the fully coupled system, the additional 
modes related to the existence of the tyre belt are over-damped – due to the effectively rigid 
connection to the road surface and, by extension, the vehicle body – and that the frequency 
content of this model is identical to that of the linear relaxation length model. Modes 8 and 9, 
related to the presence of the belt inertia, are only activated on low-friction surfaces. However, 
the FFT performed on time domain results from the nonlinear system reveals that the intensity 
of the oscillations in these modes is considerably lower than that seen at lower frequencies.    
 
The initial speculation that the 18.6 and 27.2 Hz modes are associated to a symmetric mode, 
while the 10.5 Hz mode is anti-symmetric, is confirmed by observing the corresponding mode 
shapes. In addition, it is found that the 41 Hz mode is also symmetric, while the 38.9 Hz mode 
is anti-symmetric. 
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Figure 3.52 – Comparison of Mode 4 mode shapes – relaxation length and tyre belt models 
 
As an example, Figure 3.52 illustrates the symmetric 18.6 Hz mode of the fully decoupled 
driveline with belt dynamics plotted against Mode 4 at 30.8 Hz as obtained by the fully coupled 
fixed relaxation length model. The two mode shapes possess the same general shape, with the 
difference in magnitudes of the differential outputs and gearbox input attributable to the energy 
being distributed to the two new degrees of freedom. 
3.7.2 Discussion 
Comparing the response of the driveline fitted with the tyre belt model and the nonlinear 
relaxation length model reveals differences in the severity of halfshaft torque oscillations, in 
addition to some differences in the frequency content of the response. The most recognisable 
addition by the belt model was a frequency around 40 Hz, albeit with insignificant amplitude in 
terms of halfshaft torque. 
 
In this model, as with all of the models used up to this point, carcass damping is deliberately 
neglected in order to emphasize the role of the tyre/road contact interface. The tyre belt model 
in particular would benefit from the inclusion of torsional damping, as it would allow a more 
accurate representation and analysis of the decay of the torque oscillations to be made. It could 
be said that the belt model appears to be the most appropriate of all the models presented in this 
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section so far for use in driveline studies – not necessarily because of its additional frequency 
content, but due to the relatively significant differences predicted in terms of response 
amplitude. 
3.8 Rigid ring model with longitudinal dynamics 
As a further enhancement to the tyre belt model described in the preceding section, a model of 
similar structure to the Short Wavelength Intermediate Frequency Tyre (SWIFT) model 
[44],[63] is developed. Further details of the original SWIFT model are given in Chapter 2. The 
model derived here initially incorporates only the longitudinal in-plane dynamics of the tyre; 
neglecting the in-plane vertical dynamics and the out-of-plane dynamics included in the full 
model. Additionally, the dynamics of the contact patch that are included in the original SWIFT 
model are neglected here as they are assumed to have a negligible contribution to the results. 
Another initial assumption is that there is no damping between the wheel rim and tyre belt – this 
is assumed in order to remove the coupling terms [63] between the rotational and translational 
equations of motion introduced by the inclusion of damping. Later, the vertical dynamics will 
be introduced when this model is implemented into a full vehicle model (Chapter 4). A 
schematic of the current model is given in Figure 3.53. 
 
Figure 3.53 – Rigid ring model with longitudinal dynamics schematic 
 
In addition to the equation describing the rotational motion of the tyre belt model described 
above, one additional equation is added per wheel (Equations (3.142) and (3.143)). These 
describe the horizontal dynamics of the tyre belt relative to the rim. 
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where mTB refers to the masses of the tyre belts, xTB to their horizontal displacements and Kh to 
the horizontal stiffness of the tyre carcasses. The variable x refers to the horizontal displacement 
of the wheel rim, assumed to be the same as that of the vehicle. As with the tyre belt model, the 
tyre force used in this model is provided by the steady-state version of the Magic Formula tyre 
model. However, the input to the Magic Formula is modified in this case in order to take into 
account the additional sliding caused by fore-aft movement of the tyre belt relative to the wheel 
rim [63] (Figure 3.54). 
 
Figure 3.54 – Modified sliding speed at contact patch 
 
Usually, the slip quantity used as the input to the Magic Formula is given by the ratio of sliding 
speed at the contact patch to the forward speed of the vehicle 
x
sc
x
x
V
V
V
VR





                    
(3.144) 
where Vsc represents the sliding speed observed at the contact patch. In this case, the sliding 
speed is calculated using the rotational and forward speeds of the tyre belt instead of the rim 
TBTBsc VRV 
                    
(3.145) 
with VTB and ωTB representing the longitudinal and rotational velocities respectively of the tyre 
belt. This new Vsc is then substituted into Equation (3.144) in order to obtain the new expression 
for the slip ratio. 
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Following a similar procedure to the tyre belt model, the mass and stiffness used in the above 
equations can be determined. In order to keep consistency between the two models, the value of 
belt inertia used in the tyre belt model is used again for this model, from which the belt mass 
can be obtained using 
2R
I
m TBTB 
                     
(3.146) 
This gives a tyre belt mass of 1.55 kg. Subsequently, the stiffnesses can be obtained as follows, 
assuming a natural frequency of the longitudinal degree of freedom of the tyre belt relative to 
the wheel rim of an unloaded tyre of 74 Hz [44]: 
 222 nTBh
TB
h
n fmK
m
K
f  
                  
(3.147) 
This gives a longitudinal stiffness of 335 kN/m. Finally, the above equations are incorporated 
into the state-space description of the tyre belt model. Following a similar structure to the tyre 
belt model, the new inertia and stiffness matrices for this tyre belt model are shown below. The 
state vector includes four extra states: the horizontal displacements and velocities of the two tyre 
belts. The damping matrix C does not include any additional non-zero terms; however, there 
does need to be two additional rows and columns of zeros to account for the two extra equations 
and states (note that only two of the four states – the horizontal velocities of the tyre belts – 
introduced by this model correspond to the C matrix) respectively. 
 
The I matrix is now 
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with 
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K matrix 
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The input vector T remains the same, with the exception that the tyre force terms Fx are used as 
inputs to the longitudinal tyre belt equations (Equations (3.142) and (3.143)) in addition to the 
vehicle equation of motion. 
3.8.1 Simulation results 
As with the fully nonlinear relaxation length and tyre belt models, four case studies are 
investigated: 
1. Uniform high-μ surface (μ=1) 
2. Uniform low-μ surface (μ=0.1) 
3. High/low split-μ surface (μ=1 & 0.2) 
4. Low/low split-μ surface (μ=0.2 & 0.1) 
Each case is simulated in MATLAB under the same input conditions as before. Figures 3.55 to 
3.58 show the halfshaft torque responses for each of the test cases. As with the previous models, 
the response on the μ=1 surface has not changed. 
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Figure 3.55 – Halfshaft torque on uniform high-μ surface 
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Figure 3.56 – Halfshaft torque on uniform low-μ surface 
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Figure 3.57 – Halfshaft torque on high/low split-μ surface 
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Figure 3.58 – Halfshaft torque on low/low split-μ surface 
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Qualitatively, there is little difference between these plots and those for the tyre belt model 
which neglects the longitudinal belt dynamics. In order to assess the results in the frequency 
domain, and to determine whether the longitudinal dynamics of the tyre carcass have an effect 
on the results, FFTs are performed on the above plots to determine their frequency content. 
Since the tyre has a longitudinal frequency of around 75 Hz, the FFT plots (Figure 3.59) are 
extended to 100 Hz on the x-axis in order to include any potential contribution from these 
modes. The result for the uniform high-μ case, not shown in Figure 3.59, has not changed. 
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Figure 3.59 – FFT of halfshaft torques – Longitudinal dynamics model 
 
There is no discernible contribution above 50 Hz, as was also the case with the basic tyre belt 
model. The frequencies identified from the above FFT are summarised in Table 3.11. 
Case Dominant 
frequencies (Hz) 
Oscillation 
magnitude (Nm) 
1 – Uniform high-μ 2.4 266.8 
2 – Uniform low-μ 18.6, 41.0 35.0, 4.7 
3 – High/low split-μ 10.0, 25.8, 40.0 65.6, 8.3, 11.3 
4 – Low/low split-μ 10.0, 25.8, 40.0 40.3, 3.8, 4.1 
Table 3.11 – FFT results for tyre belt model with longitudinal dynamics 
 
Similar to the basic tyre belt model, the frequencies identified in Table 3.11 can be explained 
via an eigen-analysis of the state-space model incorporating three different levels of coupling 
between the driveline and vehicle inertias, representing the three types of surface (high-, low- 
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and split-μ). Table 3.12 summarises the results of these analyses, which also show each of the 
frequencies identified in the FFT plots. 
Model Tyre belts fully 
coupled to vehicle 
Tyre belts fully 
decoupled from vehicle 
One tyre belt 
coupled to vehicle 
Mode 
Damping 
ratio 
Damped 
freq (Hz) 
Damping 
ratio 
Damped 
freq (Hz) 
Damping 
ratio 
Damped 
freq (Hz) 
1 0.0172 443.5 0.0172 443.5 0.0172 443.5 
2 0.0071 226.8 0.0071 226.8 0.0071 226.8 
3 0.0761 73.7 0.0762 73.7 0.0761 73.7 
4 0.0079 29.3 0.0059 18.6 0.0059 25.9 
5 0.0032 18.6 > 1 0.0 0.0045 9.8 
6 0.0150 2.3 > 1 0.0 >1 0.0 
7 >1 0 (RB) >1 0 (RB) >1 0 (RB) 
8 0.0012 58.0 0.0000 74.0 0.0000 74.0 
9 0.0007 58.0 0.0000 74.0 0.0010 58.0 
10 >1 0.0 0.0034 41.1 0.0021 40.1 
11 >1 0.0 0.0000 38.9 >1 0.0 
Table 3.12 – Effects of varying coupling – tyre belt model with longitudinal dynamics 
 
In terms of the frequencies observed, it can be seen that there are several differences between 
this model and the simple tyre belt model. The damped natural frequencies of the three lowest-
frequency driveline modes (Modes 4, 5 and 6) in the fully coupled case have all decreased, with 
Mode 5 showing the biggest drop of around 2 Hz. Also, and perhaps more significantly, the 
damping ratios of these three modes have all dropped to much lower values compared with the 
simple tyre belt model. This can be explained as follows. The total energy in the system is 
distributed to the additional compliances added into this model when compared with the 
torsional tyre belt model, in addition to those already in place. This means that the relative 
energy dissipation of each compliance is reduced and thus the damping ratios decrease. 
 
The modes denoted 8 to 11 in Table 3.12 cannot be immediately allocated to particular degrees 
of freedom. However, the 74 Hz frequency of Modes 8 and 9 in the fully decoupled case and 
Mode 8 in the semi-coupled case can be attributed to the longitudinal degrees of freedom of the 
tyre belt, as 74 Hz is the value used as the „target‟ in order to determine the stiffness of this 
mode. As no damping is included, this mode is able to retain its undamped value. In order to 
allocate the remaining frequencies, an eigen-analysis is carried out (Tables 3.13 to 3.15). Note 
that the DOFs numbered 7 to 10 refer to the two torsional tyre modes and the two longitudinal 
tyre modes respectively. 
DOF Mode 8 – 58 Hz Mode 9 – 58 Hz 
7 -0.52590 - 0.15830i -0.66007 + 0.00000i 
8 -0.52590 - 0.15830i 0.66007 + 0.00000i 
9 -0.16806 - 0.05140i -0.21122 + 0.00094i 
10 -0.16806 - 0.05140i 0.21122 - 0.00094i 
Table 3.13 – Eigen-analysis of fully coupled case 
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DOF Mode 10 – 74 Hz Mode 11 – 74 Hz Mode 10 – 41 Hz Mode 11 – 39 Hz 
7 0.00000 - 0.00000i -0.00000 - 0.00000i -0.39886 + 0.04458i 0.61638 + 0.00000i 
8 0.00000 + 0.00000i 0.00000 + 0.00000i -0.39886 + 0.04458i -0.61638 - 0.00000i 
9 0.99936 + 0.00000i 0.92790 + 0.00000i 0.00000 - 0.00000i -0.00000 - 0.00000i 
10 -0.03204 + 0.01544i 0.35768 + 0.10514i -0.00000  - 0.00000i -0.00000 - 0.00000i 
Table 3.14 – Eigen-analysis of fully decoupled case 
 
DOF Mode 8 – 74 Hz Mode 9 – 58 Hz Mode 10 – 40 Hz 
7 0.00000 - 0.00000i -0.02429 + 0.00140i 0.09902 - 0.00489i 
8 0.00000 - 0.00000i 0.65698 + 0.00000i 0.30473 - 0.02558i 
9 0.00000 - 0.00000i -0.00777 + 0.00054i 0.03164 - 0.00229i 
10 1.00000 + 0.00000i 0.00002 - 0.00000i -0.00025 + 0.00000i 
Table 3.15 – Eigen-analysis of semi-coupled case 
 
Following the eigen-analysis, it is now easy to conclude to which degrees of freedom the 
identified frequencies belong. The two 58 Hz modes in the fully coupled (high-μ) case are 
torsional modes, as are the 39 and 41 Hz modes in the fully decoupled (low-μ) case. The 74 Hz 
modes are, as predicted, longitudinal tyre modes. Finally, in the semi-coupled (split-μ) case, it 
can be seen that there is one „fully coupled‟ torsional mode at 58 Hz, a „fully decoupled‟ 
torsional mode at 40 Hz, and a single 74 Hz longitudinal mode. This result is to be expected – 
with one tyre decoupled from the road surface due to low friction availability, the belt is free to 
oscillate back and forth about the wheel rim; these oscillations not being damped as described 
above. However, the coupled wheel on the higher-μ surface has its oscillatory behaviour 
controlled by the tractive force acting at its contact patch. 
 
From the results presented above, it can be assumed that the inclusion of longitudinal tyre 
dynamics in driveline studies does not contribute any significant additional frequency content 
over the simple tyre belt model incorporating only the rotational dynamics of the tyre. The 
significant changes in the damped natural frequency of the lower-frequency driveline modes 
suggests, however, that its use could be merited in vehicle dynamics studies. Also, similar to the 
relative benefit of the simple tyre belt model over the relaxation length model, the longitudinal 
tyre belt model has a considerable effect on the results in terms of the magnitude of the torque 
oscillations in the halfshafts. In conclusion, the additional complexity in this model and the 
associated extra computational effort required could easily be justified in terms of the accuracy 
of result obtained, if accurate parameter values for the model can be identified. 
Table 3.16 shows a summary of the results from the nonlinear relaxation length, tyre belt and 
longitudinal belt dynamics models. 
 
 
 
  Chapter 3 – Driveline/tyre modelling and analysis 
 
177 
 
  Non-linear 
relaxation length 
Torsional tyre 
belt 
Longitudinal 
tyre belt 
Uniform 
high-μ 
Freq. (Hz) 2.4 2.4 2.4 
Osc. magn. (Nm) 288.5 289 266.8 
     
Uniform 
low-μ 
Freq. (Hz) 23.4 18.6, 41.0 18.6, 41.0 
Osc. magn. (Nm) 20.6 47.0, 7.5 35.0, 4.7 
     
High/low 
split-μ 
Freq. (Hz) 11.9, 28.6 10.5, 27.2, 40.1 10.0, 25.8, 40.0 
Osc. magn. (Nm) 89.9, 22.8 66.7, 8.8, 7.5 65.6, 8.3, 11.3 
     
Low/low 
split-μ 
Freq. (Hz) 11.9, 28.6 10.5, 27.2, 40.1 10.0, 25.8, 40.0 
Osc. magn. (Nm) 34.2, 10.7 44.9, 2.7, 3.9 40.3, 3.8, 4.1 
Table 3.16 – Summary of FFT results 
 
From these results, it can be easily argued that the additional relative complexity of the 
longitudinal tyre belt compared to the nonlinear relaxation length model is justifiably included, 
as the effect on the frequency content and magnitude of the halfshaft torques cannot be ignored. 
Although the frequency content is similar between the latter two models, the large reductions in 
the magnitudes of the dominant frequency peaks with the inclusion of longitudinal tyre belt 
dynamics, particularly in the high-μ case, mean that the addition of this degree of freedom for 
each tyre belt is also easy to justify. 
3.9 Modelling in ADAMS 
This section describes the modelling work undertaken in ADAMS, much of which was 
concurrent with that carried out in MATLAB following the same philosophies. In this section, 
particularly with the JLR-supplied driveline and vehicle models, no investigative simulations 
are carried out; instead, comparisons are made between the original models and the modified 
versions containing the transient tyre models as used in MATLAB. For investigative studies 
carried out with these models, refer to Chapter 4. 
3.9.1 Enhancements to ADAMS tyre rig 
Following the successful implementation of the relaxation length concept in MATLAB, an 
attempt at doing so in the original JLR ADAMS tyre rig was made. As the excitation of the rig 
is purely kinematic at this stage with prescribed wheel rotation and longitudinal speed, 
oscillatory responses cannot yet be generated. This requires a combined driveline model similar 
to that described earlier. 
 
Initially, the prescribed motions are used in the same way as in the early MATLAB models in 
order to enable the calculation of the tyre force generated in response to a step slip input. The 
in-built ADAMS differential equation editor is used to build Equation (3.4) using the current 
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step-slip input in order to calculate the instantaneous slip ratio, which is then passed to a Magic 
Formula function as before in order to calculate the transient tyre force. Implementing this 
concept in this manner has not previously been achieved: an instant, albeit incremental, 
improvement upon the current simulation models used by JLR can be provided. Comparisons 
are then made (Figures 3.60 to 3.63) for several slip ratios to the results from MATLAB in order 
to verify that the slip equation had been built correctly in ADAMS. 
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Figure 3.60 – Comparison of ADAMS transient slip results with MATLAB 
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Figure 3.61 – Comparison of ADAMS transient slip results with MATLAB 
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Figure 3.62 – Comparison of ADAMS transient slip results with MATLAB 
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Figure 3.63 – Comparison of ADAMS transient slip results with MATLAB 
 
There are a few small discrepancies between the ADAMS and MATLAB results which can be 
attributed to the fact that while a MATLAB step function starts instantaneously, this type of 
discontinuity cannot be readily handled by the ADAMS solver. The ADAMS step function 
resembles a half-period sine wave in order to enable the solver to start smoothly, thereby 
eliminating numerical problems. This had a duration of 1 ms in order to minimise its effect on 
the results. The ADAMS model shows good agreement with the MATLAB model, thus giving 
confidence in the modelling capability of the ADAMS package with regard to building the 
required differential equations. 
3.9.2 Relaxation length concept in ADAMS 
In order to continue the implementation in ADAMS of the modelling carried out in MATLAB, 
the nonlinear relaxation length tyre model from Section 3.3 is coded in order for it to run in 
ADAMS. The transient slip differential equation (Equation 3.5) has been enhanced in order to 
incorporate a transient relaxation length, dependent on the value of slip and vertical load, as in 
Equation (3.21). Contrary to the approach taken in the MATLAB modelling, the gradient of the 
force-slip curve in the ADAMS model is obtained using 
 
   
h
hFhFF txtx
t
x
2



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                  (3.150) 
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with the two „incremented‟ forces being calculated using the instantaneous slip quantity from 
Equation (3.21). In Equation (3.150),  h is the desired numeric value of this increment (Figure 
3.64a and 3.64b). The Magic Formula Dt coefficient is load- and friction-dependent (being 
calculated „online‟ from the current values of vertical load and friction coefficient); while the 
remaining time-varying Magic Formula coefficients are obtained using Equations (3.84) and 
(3.85). 
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Figure 3.64a – Example force-slip gradient 
 
  Chapter 3 – Driveline/tyre modelling and analysis 
 
182 
 
k-h k k+h
2500
2750
3000
Fx(k-h)
Fx(k)
Fx(k+h)
3750
Slip ratio
T
y
re
 f
o
rc
e
 (
N
)
 
Figure 3.64b – Calculation of instantaneous force-slip gradient 
 
Note that in Figure 3.64, the size of the increment ±h has been greatly exaggerated for clarity. 
The value of the increment can be reduced as desired in order to obtain the force-slip gradient 
accuracy, although in terms of computational efficiency there is no adverse effect on making 
this value smaller. This tyre model is used in each of the supplied ADAMS driveline models in 
order to provide a comparison between the original JLR results and those obtained with a more 
substantial tyre model. In addition, the more detailed driveline models introduced later will be 
used in conjunction with this tyre model in the assessment of the effects of, for example, 
suspension factors that cannot be easily modelled in MATLAB. 
3.9.3 Simulation and results 
3.9.3.1 Rolling road-type dynamometer 
The above tyre model is incorporated into a relatively simple driveline model as supplied by 
JLR and simulated in order to compare the results obtained from this modified model with the 
original version, which use a simple vertical load-μ relationship to model the longitudinal tyre 
force. The model represents a basic front-engined, rear-wheel-drive vehicle with a fixed 
differential (i.e. both sides rotate at the same speed, precluding split-μ studies) and incorporates 
the effects of load transfer with the inclusion of basic suspension dynamics. The model 
simulates a tip-in take-off manoeuvre followed by a tip-out. The vehicle inertia is represented 
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by a set of two „discs‟ mirrored below the main wheel discs – meaning the vehicle is effectively 
on a rolling road-type dynamometer.  
 
Figure 3.65 – Halfshaft torque from original JLR model 
 
The measurement of particular interest to JLR is the peak torque in the halfshafts during the 
manoeuvre. Each model in this section was run with the same input conditions for 3 s with the 
engine producing a step input from an initial speed of 2000 rpm and using a surface friction 
coefficient of μ=1. The original model produced the plot given in Figure 3.65, and gives a peak 
torque of 2834 Nm. The negative torque seen at around 1.5 s is a result of the tip-out, which 
causes a winding up of the halfshaft before reaching an equilibrium point. 
Fixed relaxation length 
The result obtained from the modified model, first using a fixed 0.6 m relaxation length, is 
shown in Figure 3.66. This model gives a peak torque of 2577 Nm. This peak occurs later in the 
simulation than the original model, at around 0.2 s instead of 0.1 s. This is to be expected as the 
tyre force build-up is much more gradual than that seen with the original tyre model, thanks to 
the first-order lag in the slip quantity. Also evident is the much lower magnitude of the torque 
oscillations. This can be attributed to the additional damping introduced by the relaxation length 
concept. Significantly, these lower-magnitude oscillations will have a positive impact upon 
driveline vibrations, as there will be less fluctuation in the torque reacted back through the 
differential to the rest of the driveline. Finally, when steady-state conditions are reached there is 
a much improved attenuation in the oscillations about zero after around 1.25 s, again due to the 
additional damping introduced. 
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Figure 3.66 – Halfshaft torque from fixed relaxation length model 
  
Ultimately, the results from this model are not particularly useful, as in reality the relaxation 
length is highly dependent upon the slip conditions at the contact patch and the corresponding 
change that these cause in the tyre force gradient. In order to remedy this, the model was finally 
modified to include a fully nonlinear relaxation length, dependent upon the gradient of the tyre 
force curve as described above. 
Nonlinear relaxation length 
The result obtained from the modified model is shown in Figure 3.67. After around 0.15 s, the 
torque in the halfshaft displays a significant oscillation at a frequency of around 17 Hz. 
Referring to previous sections with the MATLAB driveline models, a frequency of this order is 
sufficient to excite a number of driveline modes. The peak torque with this full model is 3455 
Nm, which is much higher than the previous two cases and, significantly, occurs further into the 
manoeuvre than with the other two models. Similar to the fixed relaxation length model, 
however, the initial build-up in the halfshaft torque is again more gradual than with the original 
JLR model, due to the first-order lag introduced by the relaxation length concept. 
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Figure 3.67 – Halfshaft torque from transient relaxation length model 
 
The significant oscillations in the halfshaft torque are caused by the continuously changing 
damping conditions present, due to the rapidly varying relaxation length (Figure 3.68). The 
relaxation length during this manoeuvre varies significantly, repeatedly dropping to zero from a 
value of between 0.7 and 1 m several times per second. While the relaxation length is zero, there 
is no lag in the response at the contact patch to the slip input and therefore the tyre carcass 
compliance is no longer effective. 
 
Figure 3.68 – Change of relaxation length during manoeuvre 
 
The high-frequency oscillation can be attributed to the aggressive engine torque input, which in 
this case has a peak of around 440 Nm, much higher than anything used in the MATLAB 
models in the preceding sections. This input torque has easily saturated the tyre, illustrated by 
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the relaxation length – proportional to the tyre force gradient – being zero on several occasions. 
It can therefore be said that despite the abundant friction availability, the performance under 
these input conditions is severely limited by the friction availability. However, unlike the results 
with the MATLAB models on low-friction surfaces (where once the tyre had saturated, it 
remained so), since there is a much greater level of friction available in this case the tyre 
repeatedly returns to the unsaturated region (stick-slip behaviour) on the tyre force curve, 
causing severe vibrations that will lead to significant NVH issues. Steady-state conditions with 
this model are reached much later than with either of the previous two models, at around 3 s. 
This is because the vehicle has taken longer to reach a speed high enough to reduce the effect of 
the increased (compared to the fixed relaxation length) wheel spin on the slip ratio. 
3.9.3.2 L359 buggy driveline model 
Following the successful coding of the transient model in the basic vehicle rig model in the 
preceding section, a more detailed driveline model based on the Land Rover Freelander 
provided by JLR – known as the „buggy‟ model (Figure 3.69) – is modified in order to accept 
the full relaxation length model. The Freelander is designated by JLR as the L359. 
 
Figure 3.69 – ADAMS L359 buggy model 
 
It incorporates full gearbox and differential models in addition to suspension and steering 
dynamics. The vehicle body inertia is represented by an equivalent inertia (the red sphere near 
the centre of Figure 3.69) located at the vehicle centre of gravity. Other than the increased detail 
in the driveline, the main difference between this model and the previous basic model is that this 
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model represents a vehicle travelling on a road, rather than a rolling road-type rig. This model 
simulates a take-off manoeuvre different to the others in this thesis in that it involves 
gearchanges throughout the acceleration phase. 
 
The fully transient relaxation length tyre model is incorporated into the buggy model as before. 
The original model simulates the vehicle accelerating from a standstill to a speed of around 70 
mph through first to sixth gears. Figures 3.70 and 3.71 show comparisons between the original 
model and the modified version incorporating the fully nonlinear tyre model. 
 
Figure 3.70 – Right-hand rear halfshaft torque comparison 
 
Figure 3.70 is representative of the other shaft torques in the vehicle and as such these are not 
shown. While the oscillatory behaviour appears slightly reduced with the use of the transient 
tyre model, the peak torques observed are of greater magnitude than those predicted with the 
original JLR model. The effect of tyre damping is clear between 7 and 12 s, where the torque 
oscillations are attenuated more with the transient tyre model than in the original. Figure 3.72 
shows the longitudinal acceleration of the vehicle. 
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Figure 3.71 – Vehicle longitudinal acceleration comparison 
 
The performance with the transient tyre model in first gear (between 0.0 and 2.5 s) shows 
smaller magnitude oscillatory behaviour than that predicted by the original model. However, in 
second gear (between 2.5 and 6.0 s) the oscillations are slightly more severe than those 
predicted by the original model, particularly after the initial acceleration peak upon clutch 
reengagement. The most significant difference between the two models is the peak at 2.5 s upon 
clutch disengagement prior to the shift between first and second gears. Here, the original model 
predicts a maximum deceleration of 1.8 m/s2, while the modified model predicts one of 2.8 
m/s2. A possible reason for this is that the tyres have stored a significant amount of energy 
within the compliance of the carcass during acceleration in first gear – the most rapid of the 
manoeuvre due to the high gear ratio imparting the greatest torque into the tyre. The abundance 
of surface friction means that the tyre winds up rather than slipping over the road surface, 
causing the carcass „spring‟ to stretch. When the clutch is disengaged and the torque is 
effectively removed, the tyre carcass rapidly unwinds about the wheel rim because of the release 
of energy from the spring, causing the vehicle body inertia to effectively be „thrown‟ forwards – 
giving the increased deceleration peak over the original model. 
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4.0 Full longitudinal dynamics modelling and analysis 
This chapter presents the development of full longitudinal vehicle dynamics models in both 
MATLAB and ADAMS, which take into account the pitch dynamics of the vehicle body and 
the influences of suspension dynamics on those of the driveline. Later, it will incorporate the 
vertical dynamics of the wheels relative to the vehicle body, in order to include the vertical 
dynamics of the tyre, particularly in the rigid ring model with longitudinal belt dynamics 
discussed in the previous chapter. As in Chapter 3, a map of the models used and the test cases 
carried out is given in Table 4.1. 
Package Vehicle Tyre model Features Test case/input 
conditions 
Section 
MATLAB 
(Newton-
Euler 
approach) 
Freelander 
Torsional 
tyre belt 
No anti-squat 
effects, open 
differential 
100Nm step torque, 
pull-away, uniform 
high-μ, low-μ and 
split-μ surfaces 
4.2.2.1 
Anti-squat 
effects, open 
differential 
4.2.2.2 
Torsional and 
vertical tyre belt 
4.2.2.3 
Torsional and 
vertical tyre belt 
with carcass 
damping 
4.3.1 
Torsional and 
vertical tyre belt 
100Nm step torque, 
pull-away, sloped 
road surface, 
uniform high-μ, 
low-μ and split-μ 
4.4 
ADAMS 
(Langrangian 
approach) 
Nonlinear 
relaxation length 
No 
differential 
effects 
Pull-away and 
acceleration through 
gears 1-6, high-μ 
surface, step torque 
input 
4.5.1 
Table 4.1 – Map of models and test cases in Chapter 4 
4.1 MATLAB model 
The model is based upon the Land Rover four-wheel-drive Freelander vehicle. There are four 
distinct parts to the model; namely the driveline, suspension, tyres and vehicle body. The 
equations for each part are presented below. 
4.1.1 Model structure 
4.1.1.1 Driveline 
A schematic of the driveline is given in Figure 4.1. The components highlighted are those 
included in the equations of motion shown below. Where necessary, equivalent inertias have 
been used in order to take into account the effects of the components which are not given 
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individual equations of motion, i.e. the front and rear differential crown wheels and the crown 
wheel of the power take-off unit. 
 
Figure 4.1 – Freelander 4WD driveline schematic 
 
Torque from the engine is delivered to a 6-speed manual gearbox. The output shaft of the 
gearbox delivers torque to the crown wheel of the front differential, where it is distributed to the 
front wheels. Torque from the front differential crown wheel is also transmitted to the crown 
wheel of the power take-off unit (PTU), which is connected to the output pinion via an idler 
shaft. The drive from the PTU is sent via the three-piece propshaft to the rear differential, where 
it is then distributed to the rear wheels. 
 
The derivation of the equations of motion follows the same method as for the other lumped-
parameter models used in this research. As in previous models, the gearbox and differential 
have been simplified so that their respective inputs and outputs are rigidly connected, while a 
similar strategy has been employed to simplify the PTU. The input and output gears are 
combined into one equivalent inertia, while the reduction ratios within the PTU are neglected as 
they do not introduce a speed difference between the front differential input and the rear PTU 
output. The equations of motion for each component are as follows. For the flywheel 
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The kinematic and force relationships between the gearbox, differential and PTU components 
are incorporated using the following equations: 
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where nG, nFD and nRD are the transmission, front differential and rear differential reduction 
ratios respectively. Using Equations (4.11) to (4.18), the following set of modified driveline 
equations can be obtained: 
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The above system of second-order differential equations is augmented by the following 
auxiliary equations: 
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The state-space matrix representation for the model is of the form Txx BA  , where matrix 
A is of the form 
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with I, C and i referring to the inertia, damping and identity matrices respectively. Matrix B is 
of the form 
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with K referring to the stiffness matrix. 
 
The inertia, damping and stiffness matrices for the above are as follows: 
I matrix 






































RR
RL
FR
FL
ROUTLOUT
OUT
ROUTLOUT
W
W
W
W
RDRD
CC
PTUCC
FDFD
CC
C
F
I
I
I
I
II
II
III
II
II
I
I
0000000000
0000000000
0000000000
0000000000
000000000
000000000
00000000
000000000
000000000
0000000000
0000000000
65
44
32
1
 
(4.38)
 
 
C matrix 












































77
66
44
33
7676
6887
775665
4343
3432
2211
11
000000000
000000000
000000000
000000000
0000000
0000000
00000
0000000
0000000
0000000
000000000
CC
CC
CC
CC
CCCC
CCCC
CCCCCC
CCCC
CCCC
CCCC
CC
CCC
CCCCC
CCC
CCC
  
(4.39) 
with 
21
G
G
GC
n
I
II OUT
IN
 , 
4
2
2
FDFD
FDC
nI
II IN
LOUT

 , 
4
2
3
FDFD
C
nI
I IN

 ,
 
2
4
FDFD
C
nI
I IN

 , 
4
2
5
RDRD
RDC
nI
II IN
LOUT

 , 
4
2
6
RDRD
C
nI
I IN

 , 12
2
1 C
n
C
C
G
C  , 
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G
FD
C
n
nC
C



2
2
2
, 3
2
2
3
4
C
nC
C FDC 

 , 
4
2
2
4
FD
C
nC
C

 , 
G
C
n
C
C 25  , 
2
2
6
FD
C
nC
C

 ,
 
2
5
7
RD
C
nC
C


 
and 
4
2
5
8
RD
C
nC
C

 . 
K matrix 












































77
66
44
33
7676
6887
775665
4343
3432
2211
11
000000000
000000000
000000000
000000000
0000000
0000000
00000
0000000
0000000
0000000
000000000
KK
KK
KK
KK
KKCK
KKKK
KKKKKK
KKKK
KKKK
KKKK
KK
CCC
CCCCC
CCC
CCC
 
(4.40) 
with 12
2
1 K
n
K
K
G
C  , 
G
FD
C
n
nK
K



2
2
2 , 3
2
2
3
4
K
nK
K FDC 

 , 
4
2
2
4
FD
C
nK
K

 , 
G
C
n
K
K 25  , 
2
2
6
FD
C
nK
K

 ,
 2
5
7
RD
C
nK
K


 
and 
4
2
5
8
RD
C
nK
K

 . 
Finally, the following state vector x is used 
 

15141312111086521
15141312111086521




    
(4.41)
 
4.1.1.2 Vehicle body 
For this model, the vehicle is assumed to be a rigid body with six DOF (Figure 4.2): three 
translational and three rotational. 
  Chapter 4 – Full longitudinal dynamics modelling and analysis 
 
196 
 
 
Figure 4.2 – Vehicle body schematic 
 
The equations of motion are derived from the well-known Newton-Euler approach, as such only 
the final equations are shown here. A full derivation of these equations is given in [94]. The 
equations for the forces in the x-, y- and z-directions are as follows. In the following equations, 
the displacement and velocities along and about each axis are denoted as per Table 4.2. 
Motion Displacement Velocity 
Longitudinal x u 
Lateral y v 
Vertical z w 
Roll p dp/dt 
Pitch q dq/dt 
Yaw r dr/dt 
Table 4.2 – Coordinate notation 
 
  










 





 










dt
q
rpz
dt
r
qpyrqxm
qwrv
dt
u
mF
GGG
x
22

     
(4.42)
 
  










 





 










dt
r
qpx
dt
p
rqzrpym
rupw
dt
v
mF
GGG
y
22

     
(4.43) 
  Chapter 4 – Full longitudinal dynamics modelling and analysis 
 
197 
 
  










 





 










dt
p
rqy
dt
q
rpxqpzm
pvqu
dt
w
mF
GGG
z
22

     
(4.44) 
while the equations for the moments about the three axes are 
   












































rupw
t
v
zmpvqu
t
w
ym
t
q
rpI
t
r
qpIqrIIIrq
t
p
IM
GGxy
zxyzzzyyxxx 
22
  
(4.45) 
   












































pvqu
t
w
xmqwrv
t
u
zm
t
r
pqI
t
p
rqIrpIIIrp
t
q
IM
GGyz
xyxzxxxxyyy 
22
  
(4.46) 
   












































qwrv
t
u
ymrupw
t
v
xm
t
p
qrI
t
q
prIpqIIIqp
t
r
IM
GGzx
yzxyyyxxzzz 
22
  
(4.47) 
 
These equations could be further simplified by assuming that the centre of mass coincides with 
the origin of the coordinate system, which would remove all terms featuring xG, yG and zG. 
However, as this model is intended to represent a real-world vehicle, this assumption will not be 
made. In order to complete the model, expressions for the total forces and moments are 
required. Assumptions made in these expressions include that there is no steering or toe angles 
on any wheel, and that aerodynamic drag and lift forces are negligible. Finally, a sloped road 
surface is able to be incorporated in these expressions by multiplying the gravity vector (acting 
vertically downwards) by the reduced angle transformation matrix L [95] 
 





































gmgm
gm
gm
G
G
G
z
y
x
0
0
,
coscos
cossin
sin
LG
    
(4.48) 
where angles Φ and Θ represent rotations about the x- and y-axes respectively. No rotation Ψ is 
included about the vertical z-axis, since a rotation about this axis would not change the 
inclination of the road surface plane. Figure 4.3 shows the vehicle dimensions used in the 
following expressions. 
  Chapter 4 – Full longitudinal dynamics modelling and analysis 
 
198 
 
 
Figure 4.3 – Vehicle dimensions 
 
For the forces in the x-, y- and z-directions 
gmFFFFF xRRxRLxFRxFLx  sin      (4.49) 
gmFFFFF yRRyRLyFRyFLy  cossin     (4.50) 
gmFFFFF zRRzRLzFRzFLz  coscos     (4.51) 
while the total moments about each axis are 
  



singmzgmy
FFFFzzh
dFdFcFcFM
GG
yRRyRLyFRyFL
zRRzRLzFRzFLx


0      
(4.52) 
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  



singmzgmx
FFFFzzh
bFbFaFaFM
GG
xRRxRLxFRxFL
zRRzRLzFRzFLy


0      
(4.53) 
   bFFaFFM yRRyRLyFRyFLz        (4.54) 
 
Now, the forces Fx, Fy and Fz for each wheel are defined as follows. The longitudinal and lateral 
forces Fx and Fy are calculated from the tyre model. However, in this study the lateral forces are 
assumed to be zero as only straight-line manoeuvres are being considered. The vertical forces Fz 
are then defined as follows. Four forces are in action in the vertical direction: the forces from 
the suspension – both spring- and damper-related; the force applied to the vehicle body if a roll 
motion is present; and finally the vertical forces associated with the anti-squat geometry 
(described in the following section and in further detail in Chapter 2). These forces are written 
as follows. The stiffness and damping force equations change for each wheel: 
 
Front left 
   aczKF szspr         (4.55) 
 qapcwCF szdamp         (4.56) 
Front right 
   aczKF szspr         (4.57) 
 qapcwCF szdamp         (4.58) 
Rear left 
   bdzKF szspr         (4.59) 
 qbpdwCF szdamp         (4.60) 
 
Rear right 
   bdzKF szspr         (4.61) 
 qbpdwCF szdamp         (4.62) 
The roll force equation changes from front to rear; for the front 
c
K
F rollzroll 2


          
(4.63) 
Rear: 
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d
K
F rollzroll 2


          
(4.64) 
The anti-squat/lift/dive/rise forces are obtained as shown in the following section 
c
c
xz
z
x
FF
squat 


         
(4.65) 
Finally, the total vertical force applied by the suspension to the vehicle body at each corner is 
squatrolldampsprtotal zzzzz
FFFFF 
       
(4.66) 
4.1.1.3 Suspension effects 
Using information provided by JLR, the dynamics of the suspension can now be incorporated. 
The purpose of this is to allow the effects of anti-squat geometry to be investigated. The 
ultimate aim of the following calculations is to arrive at an expression for the so-called 
longitudinal derivative, i.e. the change in the longitudinal position of the tyre contact patch with 
vertical displacement of the wheel from full bump to full rebound, which in turn allows the 
numerical value of the anti-squat force to be calculated. The process is summarised in the 
flowchart shown in Figure 4.4. 
 
Figure 4.4 – Process for calculating longitudinal derivative 
  Chapter 4 – Full longitudinal dynamics modelling and analysis 
 
201 
 
Solving for x- and y-positions of ball joint 
Clearly, both „links‟ of the lower control arm (Figure 4.5) have fixed absolute lengths, L1 and 
L2. When the suspension travels in bump or rebound, the outer ends of the two links – the ball 
joint – must follow the same path in space as they are rigidly connected to each other. As such, 
the x-, y- and z-coordinates of the ball joint can be calculated by solving the following 
simultaneous equations: 
     21
2
1
2
1
2
1 bushballbushballbushball zzyyxxL      
(4.67) 
     22
2
2
2
2
2
2 bushballbushballbushball zzyyxxL      
(4.68) 
where xbush, ybush and zbush refer to the coordinates of the fixed positions of the lower control arm 
bushings. With lengths L1 and L2 calculable from the known position of the ball joint at static 
laden, xball and yball must then have the same values in Equations (4.67) and (4.68) for a given 
range of zball values, which are also the same in both equations. Solving these equations for the 
entire range of suspension travel from full bump to full rebound will enable the calculation of 
the change in longitudinal (and lateral) position of the ball joint with respect to the vertical 
wheel travel. 
 
Figure 4.5 – Solving for suspension ball joint position 
 
It is assumed that there is no relative displacement in any plane between the lower control arm 
ball joint and the wheel centre, therefore it is not necessary to apply a further calculation in 
order to determine the travel of the wheel centre itself – the displacement of the lower control 
arm ball joint is assumed to be representative of that of the wheel, i.e. δw = ∂zball. 
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Finding the suspension ratio 
From the coordinates of the ball joint calculated above, it is now possible to calculate the 
suspension ratio in order to then determine the wheel displacement for a given vertical load (see 
also Chapter 2). First, the current spring/damper length is determined by calculating the 
magnitude of the distance λ between the ball joint and the upper mount of the spring/damper 
     222
dampballdampballdampball zzyyxx       
(4.69) 
From Equation (4.74), an expression for wheel displacement as a function of spring 
displacement ( staticspr   , where λstatic refers to the spring length at static laden) can be 
obtained by plotting the values of wheel displacement against the corresponding spring 
displacements. This can be shown equate to the ratio of spring load S to wheel load W [87] 
spr
w
W
S
R



          
(4.70) 
Finding the wheel rate 
The suspension ratio R can then be plotted against the corresponding wheel displacements 
(Figures 4.6 and 4.7). Note that a positive wheel displacement reflects wheel travel in bump, 
and negative in rebound. 
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Figure 4.6 – Change of suspension ratio – front 
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Figure 4.7 – Change of suspension ratio – rear 
 
The gradient of these plots (∂R/∂δw) can then be used in Equation (4.71) to calculate the wheel 
rate [87] 
2R
R
SK
K w
s
w




         
(4.71) 
which itself will change depending on wheel displacement (as a result of the dependency on this 
of the gradient). In Equation (4.71), Ks is the spring stiffness, while the spring load S is obtained 
from 
sprsS KSS           
(4.72) 
with SS representing the spring load at static laden, obtained by multiplying the static wheel load 
by the value of suspension ratio at zero wheel displacement. 
 
The wheel rate is calculated for each value of wheel displacement from full bump to full 
rebound – the product of these two variables being the current vertical load on the wheel. By 
rearranging this expression, it is possible to obtain the exact value of wheel displacement for the 
current vertical load. This wheel displacement is then fed back into the original expression for 
the longitudinal derivative 
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ball
ball
c
c
z
x
z
x





          
(4.73) 
where xc and zc refer to the longitudinal and vertical positions of the contact patch respectively. 
In this particular case, the longitudinal derivative is obtained by plotting the change in 
longitudinal position of the lower control arm ball joint with vertical travel and finding its 
gradient (Figures 4.8 and 4.9). 
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Figure 4.8 – Path of lower control arm ball joint – front 
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Figure 4.9 – Path of lower control arm ball joint – rear 
 
Finally, the longitudinal derivative is multiplied by the traction force in order to arrive at the 
value of the upwards force applied by the suspension to the vehicle body – the anti-squat force 
x
c
c
V F
z
x
F
SQUAT 


         
(4.74) 
Figures 4.10 and 4.11 show the value of the anti-lift (front) and anti-squat (rear) forces for a 
range of driving tractive forces for the suspension geometry obtained earlier. 
  Chapter 4 – Full longitudinal dynamics modelling and analysis 
 
206 
 
0 500 1000 1500 2000 2500 3000 3500 4000
-250
-200
-150
-100
-50
0
Longitudinal force (N)
A
n
ti
-l
if
t 
fo
rc
e
 (
N
)
 
Figure 4.10 – Front anti-lift force 
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Figure 4.11 – Rear anti-squat force 
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Figures 4.10 and 4.11 show that under acceleration, the suspension geometry applies a 
downward force to the vehicle body – i.e. it is „pulled‟ downwards – at the front, while at the 
rear an upward force is applied, „pushing‟ the rear of the vehicle upwards to counteract the 
downward motion caused by load transfer. Both of these characteristics are desirable to reduce 
body displacement in such manoeuvres. Note that there will only be an anti-lift force at the front 
axle if the vehicle is four- (as assumed in this analysis) or front-wheel drive, or an anti-squat 
force at the rear axle if the vehicle is rear- or four-wheel drive, as there will only be a vertical 
reaction in the presence of a longitudinal force at the contact patch. 
 
As an example, a constant total tractive force of 6000 N at the rear axle (3000 N at each tyre) 
results in an acceleration of 3.38 m/s2 – assuming a vehicle mass of 1775 kg (the mass of the 
Freelander vehicle). Using Equation (4.75), this results in a rearward load transfer W of 1441 N 
E
PZh
W 
          
(4.75) 
where P is the total vehicle weight, Z the normalised acceleration, h the height of the whole 
vehicle centre of gravity above the ground and E the vehicle wheelbase. The anti-squat force 
generated at each rear wheel at this particular value of tractive force is 443 N, which results in 
the reduction in downward displacement of the rear of the vehicle to around 38% of that without 
any anti-squat geometry. Similarly, at each front wheel (assuming a 50:50 torque distribution), 
the anti-lift force generated is -168 N, which results in the reduction of upward displacement of 
the front of the vehicle to around 77% of that without anti-lift geometry. The net result of this 
geometry being in place is that the vehicle pitches rearward by 1.16° instead of 2.06°, around 
56% of the pitching displacement present without the anti-squat/lift geometry in place. 
4.1.1.4 Tyre model integration 
Any of the tyre models presented in Chapter 3, with the exception of the rigid ring model 
including vertical tyre dynamics, are suitable for use with this current version of the full vehicle 
model. This version of the rigid ring model is introduced along with vertical wheel dynamics in 
Section 4.1.3. With the driveline model providing the rotational speed of the wheel rims, the 
vehicle model is left to provide the required vehicle velocities, while the suspension model 
provides the vertical load on the tyres (Figure 4.12). 
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Figure 4.12 – Interactions between model components 
 
These quantities can then be used by whichever tyre model is selected in order to determine the 
tyre forces generated, which in turn are then returned to the other model components in order to 
determine the motions of the vehicle body. 
 
Since this model, along with the vehicle model incorporating vertical wheel dynamics through 
the use of a quarter-car model (Section 4.2), will be used to perform a series of comparative 
case studies in order to determine any changes in the response under severe traction 
manoeuvres, no simulation results are presented in this section. Instead, the case studies and 
their results will be discussed in Section 4.2.2. 
4.2 Quarter-car model for vertical wheel dynamics 
In order to be able to fully exploit the potential of the rigid ring model introduced in Chapter 3, 
it is necessary to incorporate the vertical dynamics of the tyre and wheel into the full vehicle 
model from the preceding section. At this stage, the vehicle model does not allow the wheels 
and tyres their own degrees of freedom – they are assumed rigidly connected to each other, the 
vehicle and also, for the tyre, to the ground. In order for this to be remedied, the quarter-car 
model is required, as described in Chapter 2. In this section, the model in isolation will be 
presented, followed by the method used to integrate it within the full vehicle model. 
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A schematic of the quarter-car model is given in Figure 4.13. The wheel assembly is connected 
to the approximate mass of its corner of the vehicle, via a spring and damper. Note that initially 
in this section, the corner mass is referred to as „quarter-vehicle mass‟ for clarity. In reality, of 
course, the corner masses are likely to be different, certainly from front to rear and possibly 
even from one side to the other. The model presented in this section varies slightly from a 
traditional quarter-car model due to the presence of the tyre belt in the rigid ring model, in that 
instead of the wheel rim being connected directly to the ground via a spring and damper, it is 
connected to the tyre belt via these compliances, which represent the vertical compliance of the 
tyre carcass with respect to the rim. The tyre belt, meanwhile, is connected to the ground via the 
so-called „residual stiffness‟ [44] located in the contact patch. 
 
Figure 4.13 – Quarter-car model schematic 
 
Therefore, three degrees of freedom are present: the vertical motions of the tyre belt, wheel and 
quarter-vehicle mass. It is assumed that the tyre belt is connected to the ground via the tread 
stiffness Ktr. Each corner of the vehicle will have its own quarter-car model and set of equations 
of motion. However, only one set is shown here as they are all of the same form. 
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Vehicle body 
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Additionally, there must be an equation for each of the tyre belts 
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(4.78) 
In the above equations, mbq referring to the quarter-car mass, mw the mass of the wheel rim, mTB 
the mass of the tyre belt and zi the vertical displacement of each component. The road 
displacement zroad and its derivative are assumed to be zero as no road irregularities are being 
considered. The vertical tyre stiffness Kv and the vertical tread stiffness in Equations (4.76) and 
(4.78) are taken from the work of Zegelaar and Pacejka [63] (see Table 4.2). The quarter-car 
model, like the vehicle and driveline models that it is incorporated into, can be represented in 
state-space form. Following the same procedure as for the previous state-space models, the 
quarter-car state-space model can be derived. The rotational and horizontal degrees of freedom 
are also included in the state-space formulation of this tyre model. The vertical load on the tyre, 
used for calculating the tractive tyre force in the MF (in addition to individual  MF parameters) 
is taken as being the force in the contact patch spring Ktr [63]. 
4.2.1 Integration with full vehicle model 
Finally, the state-space model can be implemented within the full vehicle model from the 
preceding section. The equations of motion for the four wheels and tyre belts are added without 
modification, while the expressions for the vertical forces on the vehicle body do need to be 
modified in order to accept the spring and damper forces from Equation (4.77). The quarter-car 
mass is replaced by that of the full vehicle: in essence, the four quarter-car models are being 
combined. The modified equations for the vertical forces on the vehicle body are as follows: 
   
   
RRRRLR
FRFFLFspr
wsws
wswsz
zbdzKzbdzK
zaczKzaczKF



 
  
(4.79) 










































t
z
qbpdWC
t
z
qbpdWC
t
z
qapcWC
t
z
qapcWCF
RR
R
RL
R
FR
F
FL
Fdamp
w
s
w
s
w
s
w
sz 
            
(4.80) 
 
  Chapter 4 – Full longitudinal dynamics modelling and analysis 
 
211 
 
Now, the equations of motion for the wheels need to be modified to reflect the modified motion 
of the vehicle body. For the front left wheel 
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Rear right 
 
  0
2
2




























gm
t
z
qbpdWCzbdzK
t
z
t
z
CzzK
t
z
m
RR
RR
RRRR
RRRR
RRRR
RR
RR
w
w
sws
TBw
vTBwv
w
w


             
(4.84) 
 
The parameter data used in both full vehicle models is given in Table 4.3. The tyre model 
parameters are taken from taken from [63], while the driveline and vehicle data is taken directly 
from the ADAMS model provided by JLR. 
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Driveline 
Mass/inertia Stiffness Damping 
Parameter 
(unit) 
Value Parameter 
(unit) 
Value Parameter 
(unit) 
Value 
IF (kgm
2
) 0.158 K1 (N/rad) 3380 C1 (Ns/rad) 1.35 
IGin (kgm
2
) 0.000060835 K2 (N/rad) 392790 C2 (Ns/rad) 157.1 
IGout (kgm
2
) 0.003727757 K3 (N/rad) 10082 C3 (Ns/rad) 4.01 
IFDin (kgm
2
) 0.011936846 K4 (N/rad) 5834 C4 (Ns/rad) 2.35 
IFDoutL (kgm
2
) 0.000203 K5 (N/rad) 4778 C5 (Ns/rad) 1.91 
IFDoutR (kgm
2
) 0.000203 K6 (N/rad) 3467 C6 (Ns/rad) 1.38 
IPTUout (kgm
2
) 0.078 K7 (N/rad) 3467 C7 (Ns/rad) 1.38 
IRDin (kgm
2
) 0.00406516     
IRDoutL (kgm
2
) 0.00011   Gear ratios 
IRDoutR (kgm
2
) 0.00011   Parameter Value 
IWFL (kgm
2
) 2.11   nG 45/12 
IWFR (kgm
2
) 2.11   NFD 68/15 
IWRL (kgm
2
) 2.09   NRD 68/15 
IWRR (kgm
2
) 2.09     
mWFL (kg) 18.04     
mWFR (kg) 18.04     
mWRL (kg) 17.87     
mWRR (kg) 17.87     
 
Vehicle 
Mass/inertia Dimensions Suspension 
Parameter 
(unit) 
Value Parameter 
(unit) 
Value Parameter 
(unit) 
Value 
m (kg) 1775 xG (m) 0 LDF -0.0559 
Ixx (kgm
2
) 547.5 yG (m) 0 LDR 0.1477 
Iyy (kgm
2
) 2083 zG (m) -0.72842 KsF (N/m) 28500 
Izz (kgm
2
) 1889 l (m) 3.034 KsR (N/m) 24500 
Ixy (kgm
2
) -5.34 a (m) 1.220 CsF (Ns/m) 2000 
Iyz (kgm
2
) -143.34 b (m) 1.814 CsR (Ns/m) 2000 
Izx (kgm
2
) 150.9 c (m) 0.798 KrollF (N/rad) 53596.2 
  d (m) 0.79665 KrollR (N/rad) 6921.8 
  h (m) 0   
 
Tyres 
MF coefficients Carcass stiffness Other parameters 
Parameter 
(unit) 
Value Parameter 
(unit) 
Value Parameter 
(unit) 
Value 
B0C0D0 (N) 90000 Kv (N/m) 1570000 RF (m) 0.342 
C 1.5 Ktr (N/m) 225000 RR (m) 0.342 
E -1.1 Kh (N/m) 1570000 mTB (kg) 7.18 
  Kt (N/rad) 77000 mWF (kg) 18.03 
    mWR (kg) 17.87 
    ITB (kgm
2
) 0.636 
Table 4.3 – Full vehicle model parameter values 
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4.2.2 Simulation results 
A series of comparative case studies were carried out using the full vehicle model from Section 
4.1 and the full vehicle model with wheel dynamics presented in this section. These case studies 
have the aim of enabling the frequency response of the vehicle to be assessed under different 
operating conditions. The test plan is shown in Table 4.4. 
Case # Anti-squat 
effects 
Tyre vertical 
load applied at 
Vertical tyre 
dynamics  
1 No Contact patch No 
2 Yes Contact patch No 
3 Yes Wheel hub Yes 
Table 4.4 – Summary of full vehicle model case studies 
 
The first case study uses the basic vehicle model presented in Section 4.1. Anti-squat effects and 
the quarter-car model for vertical tyre dynamics are not included. The vertical load on the tyre 
therefore is assumed to apply at the contact patch. The second case again uses the basic vehicle 
model, although in this case the effects of anti-squat geometry are included. The additional 
vertical load that this geometry introduces is, however, again assumed to act at the contact 
patch. The final case makes use of the full vehicle model including the vertical tyre dynamics 
through the inclusion of the quarter-car model. The anti-squat forces in this case are now 
assumed to act at the wheel hub, in order to enable the effects of the vertical tyre compliance to 
be analysed. The cases are simulated four-wheel drive mode. All of the simulations in this 
section are run for 2 s, with an input torque of 100 Nm on four different surfaces: uniform high-
μ, uniform low-μ, high/low split-μ and low/low split-μ. 
4.2.2.1 Case study #1 – No anti-squat, no vertical tyre dynamics 
Figures 4.14 to 4.17 show plots of the front and rear halfshaft torques observed on each surface. 
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Figure 4.14 – Halfshaft torque on uniform high-μ surface – case #1 
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Figure 4.15 – Halfshaft torque on uniform low-μ surface – case #1 
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Figure 4.16 – Halfshaft torque on high/low split-μ surface – case #1 
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Figure 4.17 – Halfshaft torque on low/low split-μ surface – case #1 
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Referring to Figure 4.14, in contrast to the results seen with the isolated driveline model with 
tyre belt dynamics in Chapter 3, the torque oscillations are of a slightly higher frequency. In 
addition, when compared with the result from the isolated driveline case, the oscillations settle 
in a shorter time. It should be remembered that the parameter values (Table 4.2) used in this 
model are taken from the real Freelander vehicle. This data is significantly different to that used 
in the isolated driveline cases in Chapter 3. 
 
The uniform low-μ result shown in Figure 4.15 shows, qualitatively, a much smoother shape to 
the isolated driveline model on the same surface, although both the magnitude and frequency of 
the torque profile is significantly different due to the dissimilar parameter data in each model. 
 
The high/low split-μ case (Figure 4.16) shows quite different characteristics than in the isolated 
driveline case. There, the torque profile displayed less „uniform‟ oscillation, with successive 
torque peaks being both lower and higher throughout the manoeuvre, rather than the generally 
decreasing shape observed in this current case. Also noticeable, albeit admittedly only 
qualitatively, is the apparent presence of only one frequency, which is in contrast to expectation 
and the results from previous cases, where multiple frequencies have been able to be tentatively 
identified even in the time domain. 
 
The low/low split-μ case (Figure 4.17) shows a similar shape to that seen with the uniform low-
μ case, along with a higher peak magnitude – to be expected due to the slightly higher surface 
friction on one side of the vehicle. 
 
In order to identify and confirm the frequency content of the above torque plots, FFTs have 
been performed in each case. The FFT plots are shown in Figures 4.18 to 4.21, while the 
frequencies identified from these are summarised in Table 4.4. Note that in Table 4.5, the values 
for the rear axle are given in parentheses. 
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Figure 4.18 – FFTs of halfshaft torque plots – uniform high-μ surface – case #1 
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Figure 4.19 – FFTs of halfshaft torque plots – uniform low-μ surface – case #1 
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Figure 4.20 – FFTs of halfshaft torque plots – high/low split-μ surface – case #1 
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Figure 4.21 – FFTs of halfshaft torque plots – low/low split/μ surface – case #1 
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 Dominant 
frequencies (Hz) 
Oscillation 
magnitude (Nm) 
Steady-state 
value (Nm) 
1 – Uniform high-μ 3.3 (3.3) 130 (132) 593 (591) 
2 – Uniform low-μ 8.6 (8.6) 93 (100) 197 (192) 
3 – High/low split-μ 6.2 (6.2) 149 (155) 336 (332) 
4 – Low/low split-μ 8.6 (8.6) 103 (110) 227 (222) 
Table 4.5 – FFT results for full vehicle model case #1 
 
In order to explain the frequency content of the FFTs, the model was linearised about a series of 
operating points and an eigen-analysis performed on the resulting linear model. In order to try to 
identify the contribution from the different model components, a separate eigen-analysis (Table 
4.6) was performed on the driveline model in isolation, following the same method as in 
Chapter 3. This analysis assumes full coupling between the road and the vehicle inertia – 
analogous to running on a high-μ surface. This model incorporates both the rotational and 
longitudinal dynamics of the tyre belt, in addition to those of the driveline. 
Mode Damped 
freq (Hz) 
Damping 
ratio 
1 249.6 0.3325 
2 207.7 0.2705 
3 69.3 0.0004 
4 69.3 0.0003 
5 69.2 0.0002 
6 69.2 0.0002 
7 28.6 0.0324 
8 27.2 0.0173 
9 24.7 0.0196 
10 24.7 0.0196 
11 22.4 0.0235 
12 3.2 0.0196 
Table 4.6 – Isolated Freelander driveline eigen-analysis results 
 
Not shown in Table 4.6 are several zero-frequency modes with above-critical damping ratios. 
Each of the dominant frequencies identified in Table 4.5 were also observed in the results of the 
linear analyses (Table 4.7) for the high-μ surface. Note that the frequencies listed in Table 4.7 
are averages of the frequencies obtained at each operating point, and that there are again several 
zero-frequency modes identified from the linearisation which have not been listed. 
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 Frequency (Hz) 
Mode 
Uniform 
high-μ 
Uniform 
low-μ 
High/low 
split-μ 
Low/low 
split-μ 
1 249.6 249.6 249.6 249.6 
2 207.7 207.7 207.7 207.7 
3 69.4 74.4 74.4 74.4 
4 69.3 74.4 74.4 74.4 
5 69.2 74.4 69.3 74.4 
6 69.2 74.4 69.2 74.4 
7 28.4 63.4 63.3 63.4 
8 27.9 63.3 63.3 63.3 
9 24.7 63.2 27.9 63.2 
10 24.7 63.2 26.5 63.2 
11 22.3 26.9 23.3 26.9 
12 3.5 8.7 6.4 8.7 
13 1.9 1.9 1.9 1.9 
14 1.2 1.2 1.2 1.2 
Table 4.7 – Effects of varying levels of coupling – full vehicle model case #1 
 
In the high-μ case, each of the frequencies identified from the driveline analysis of Table 4.6 are 
picked up by the linearisation procedure. Two additional frequencies are present – 1.9 and 1.2 
Hz. These must be associated to the vehicle body as its inertial properties form the only 
difference between the driveline case and the linearised models. On the other surfaces, it is not 
immediately possible to identify to which modes or degrees of freedom the above frequencies 
correspond, or to conclude with any certainty that the frequencies refer to the same modes in 
each case. However, it is hypothesised that the 74 Hz modes are related to the longitudinal 
mode of each tyre belt. Using the mass of the tyre belt and the horizontal stiffness of the tyre 
carcass in Equation 4.90 it is found that the undamped frequency is indeed around 74 Hz. 
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(4.86) 
On low-friction surfaces, the mode retains its „undamped‟ value of 74 Hz. This is due to the 
inefficient friction coupling between the tyre belt and road surface allowing the tyre belt to 
freely oscillate back and forth. Analysis of the eigenvectors that correspond to each of the 
identified frequencies for Modes 3 to 11 (Tables 4.8 and 4.9) allows the allocation of each 
frequency to a particular degree of freedom. 
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The eigenvector analysis in Table 4.8 reveals that the four 69 Hz modes are related to the 
torsional behaviour of the tyre belts and that the 22 to 28 Hz modes are driveline modes. The 
lack of a significant contribution from the longitudinal tyre belt modes implies that on the 
uniform high-μ surface, they are damped out by the abundant friction. On lower-μ surfaces, it is 
expected that the longitudinal tyre belt modes will contribute as the effective decoupling from 
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the road surface allows them to freely oscillate back and forth. Table 4.9 shows the eigenvector 
analysis for the uniform low-μ case. 
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Eigenvector analysis of the uniform low-μ case reveals that the four 63 Hz modes are related to 
the torsional degree of freedom of each tyre belt, while (as predicted) the four 74 Hz modes are 
related to the longitudinal degree of freedom of each tyre belt. The 27 Hz mode is a driveline 
mode. The results from the eigen-analyses for the uniform high- and low-μ surfaces can be used 
in order to explain the frequency content of the high/low and low/low split-μ cases. In the 
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high/low split-μ case, it is apparent that the wheels on the higher-μ side contribute frequencies 
analogous to those seen in the uniform high-μ case, while the wheels on the lower-μ side 
contribute results similar to those seen in the uniform low-μ case, as would be expected, Two 
longitudinal tyre modes are present, as are two „high-μ‟ torsional modes and two „low-μ‟ 
torsional modes. Where the uniform high-μ case contributed four 24 to 29 Hz modes that the 
uniform low-μ case did not, the high/low split-μ case gives half this amount. The low/low split-μ 
case gives identical frequency content to that given by the uniform low-μ case. This result is in 
contrast to the results seen in the isolated driveline case from Chapter 3, where both split-μ 
cases revealed the same frequency content as each other. From the results of the full vehicle 
studies in this chapter, it can be concluded that there is not a sufficient difference in the friction 
characteristics of the road surface to excite the anti-symmetric behaviour of the driveline as 
there is in the high/low split-μ case. 
 
The greatest discrepancies in the frequencies identified between the isolated driveline (Table 
4.6) and full vehicle analyses (Table 4.7) are found in the cases involving low-μ surfaces in 
Mode 12. The explanation for this is the same as that given in Chapter 3 for the varying levels 
of road interaction. A similar analysis – that of decoupling the vehicle inertia through 
manipulation of the driveline state-space matrix elements – is not possible to perform on the 
current model due to the manner in which it is built. However, the strength of the results from 
the previous chapter shows that this theory is sufficiently robust to explain the differences in 
frequency between the isolated driveline model and the four case studies shown above. 
4.2.2.2 Case study #2 – Anti-squat, no vertical tyre dynamics 
Figures 4.22 to 4.25 show plots of the rear halfshaft torques observed on each surface, 
compared to those obtained from Case #1. 
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Figure 4.22 – Halfshaft torque on uniform high-μ surface – case #2 
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Figure 4.23 – Halfshaft torque on uniform low-μ surface – case #2 
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Figure 4.24 – Halfshaft torque on high/low split-μ surface – case #2 
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Figure 4.25 – Halfshaft torque on low/low split-μ surface – case #2 
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Only on the high-μ surface (Figure 4.26) is there evidence of any significant difference between 
the two cases. In the other three cases (Figures 4.27 to 4.29), the torque profiles are qualitatively 
identical, with only the frequency of oscillation showing a minute decrease in the high/low split-
μ case and the presence of slightly larger torque peaks in the low/low split-μ case. The result for 
the high-μ case is consistent with what could reasonably be expected; the high traction 
availability on this surface allows large magnitude tractive forces to be generated, giving rise to 
significant anti-squat forces, in turn increasing the vertical load on the tyre, which then allows a 
further increase in the tractive force present. A greater reactive force at the contact patch implies 
that the halfshaft is able to „wind up‟ more, increasing the torque in the shaft. The low 
availability of traction on the other three surfaces means that, despite the inherent increase in the 
vertical load on the tyre due to the anti-squat effects, there is not enough of an increase in the 
tractive force at the contact patch to noticeably increase the winding up of the halfshaft. 
 
As before, FFTs have been performed on each torque plot (Figures 4.26 to 4.29). From the time 
domain plots, it is tentatively concluded that there is negligible difference between the 
frequency content of the front and rear halfshaft torques. The following FFT comparisons show 
the differences between the rear halfshaft torques predicted between Cases #1 and #2. 
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Figure 4.26 – FFTs of halfshaft torque plots – uniform high-μ surface – case #2 
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Figure 4.27 – FFTs of halfshaft torque plots – uniform low-μ surface – case #2 
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Figure 4.28 – FFTs of halfshaft torque plots – high/low split-μ surface – case #2 
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Figure 4.29 – FFTs of halfshaft torque plots – low/low split-μ surface – case #2 
 
The identified frequencies from Case #2 are summarised in Table 4.10. In order to allow a direct 
comparison to be made between the results of this and the previous case, the values of 
frequency and oscillation magnitude from Case #1 have been included in parentheses. 
 Dominant 
frequencies (Hz) 
Oscillation 
magnitude (Nm) 
Steady-state 
value (Nm) 
1 – Uniform high-μ 3.3 (3.3) 151 (132) 594 (591) 
2 – Uniform low-μ 8.6 (8.6) 102 (100) 194 (192) 
3 – High/low split-μ 6.2 (6.2) 163 (155) 336 (332) 
4 – Low/low split-μ 8.6 (8.6) 112 (110) 225 (222) 
Table 4.10 – FFT results for full vehicle model case #2 
 
The FFT plots, in terms of frequency content, reveal no significant effects from the inclusion of 
anti-squat geometry. It could be said that this is in accordance with what could be expected – the 
anti-squat geometry, in effect, only changes the displacement of the vehicle body in pitch. 
However, it could equally be hypothesised that the changing vertical load on the tyre – perhaps 
especially on surfaces featuring a low-μ surface – could lead to a change in the number of active 
driveline oscillatory modes if wheel spin is sufficiently suppressed (Section 3.6), thus affecting 
the frequency content of the halfshaft torque. In this particular case, however, it appears that the 
same modes are indeed active in both cases. The inclusion of anti-squat effects is expected to 
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have a much more significant impact on the results when vertical tyre dynamics are included in 
the following third case study. 
 
The most significant change, backing up what is also identifiable in the time domain results, is 
that the magnitude of the torque oscillations in the high-μ case has increased by around 20 Nm 
as a result of the inclusion of anti-squat effects. This can be attributed to the increased vertical 
load on the tyres allowing a greater tractive force to be developed, which in turn results in a 
greater winding up of the halfshafts, increasing the torque within them. Other, smaller 
differences are observed in both the oscillation magnitude and steady-state values of the other 
cases, the largest of which being an 8 Nm increase in the oscillation magnitude in the high/low 
split-μ case. 
 
The inclusion of anti-squat geometry has the purpose of reducing the pitch displacement of the 
vehicle body under acceleration, as described in detail in Chapter 2. Figures 4.30 to 4.33 show 
comparisons of the vehicle pitch angle on each surface with and without anti-squat geometry. 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-0.015
-0.01
-0.005
0
0.005
0.01
0.015
0.02
Time (s)
V
e
h
ic
le
 p
it
c
h
 (
ra
d
s
)
 
 
No anti-squat
Anti-squat included
 
Figure 4.30 – Comparison of vehicle pitch – uniform high-μ surface 
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Figure 4.31 – Comparison of vehicle pitch – uniform low-μ surface 
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Figure 4.32 – Comparison of vehicle pitch – high/low split-μ surface 
 
  Chapter 4 – Full longitudinal dynamics modelling and analysis 
 
233 
 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-0.014
-0.013
-0.012
-0.011
-0.01
-0.009
-0.008
Time (s)
V
e
h
ic
le
 p
it
c
h
 (
ra
d
s
)
 
 
No anti-squat
Anti-squat included
 
Figure 4.33 – Comparison of vehicle pitch – low/low split-μ surface 
 
As desired, the inclusion of anti-squat geometry has had the effect of reducing the pitch 
displacement of the vehicle body under acceleration, in addition to a very slight reduction in the 
initial pitch velocity, indicated by the smaller gradient at the start of the „anti-squat included‟ 
(blue) curve in each case. As with the halfshaft torque, there is no apparent difference between 
cases in the frequency content of the pitch displacement, only a reduction in magnitude. In each 
case, the vehicle pitch angle appears to have been reduced by a similar proportion of the 
respective original values. This could be explained by considering that vehicle pitch is 
determined mainly by the amount of load transfer, which is proportional to the acceleration of 
the vehicle, which in turn is proportional to the amount of friction on the road surface. Therefore 
it follows that with the same level of friction available, the same tractive force will be developed 
and the vehicle will accelerate in the same manner. The only difference is in the pitch angle of 
the vehicle, which is reduced by the presence of anti-squat effects. Higher friction ultimately 
results in a larger pitch angle than low friction, but the anti-squat force will be proportionally 
larger in the higher-friction case, giving a similar percentage reduction in each case. 
 
The pitch angle plots also reveal the various levels of load transfer in each case. As would be 
expected, the high-μ case shows the greatest level of load transfer, with the vehicle pitch angle 
changing sign, showing that at times during the manoeuvre the load „bias‟ is rearward, rather 
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than the front bias seen in static conditions. In the other three cases, the load bias remains 
frontward; in the uniform low-μ case, the pitch angle „saturates‟ soon after the peak – the low 
level of friction meaning the tyre tractive forces also saturate early, giving a constant 
acceleration sufficient to maintain a constant pitch angle for the remainder of the manoeuvre. A 
similar result is seen in the low/low split-μ case, albeit with a greater initial peak displacement 
and very low-amplitude oscillations after saturation. The high/low split-μ case shows a much 
more significant oscillation than the other cases involving low-μ surfaces, at a higher frequency 
than the uniform high-μ surface. This is because of the significant difference in surface friction 
causing the acceleration of the vehicle to be non-uniform, affecting the load transfer and hence 
vehicle pitch. 
 
The anti-squat geometry, as described earlier, increases the load in the suspension springs in 
order to reduce the displacement of the vehicle body. Figures 4.34 to 4.39 show the changes in 
load for each surface condition. The loads shown in these figures can be assumed to act at the 
contact patch of the tyre and hence represent the tyre vertical load. 
 
Figure 4.34 – Comparison of tyre vertical load – uniform high-μ surface 
 
As would be expected in the uniform high-μ case, there is a significant increase in the vertical 
tyre loads when anti-squat effects are included. The fact that the tyre force curves overlap backs 
up the observation from the vehicle pitch angle plot on this surface that the load bias changes 
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from front to rear several times during the manoeuvre, before apparently settling to an almost 
50:50 split under steady-state acceleration. 
 
Figure 4.35 – Comparison of tyre vertical load – uniform low-μ surface 
 
The vertical tyre loads in the other three cases do not show as much influence from the anti-
squat effects, as hinted at in the vehicle pitch plots. In the uniform low-μ case, there is very little 
difference in the vertical load when anti-squat effects are included, with only a slight difference 
in the rear loads until around 0.4 s. This can be attributed to the very low tractive forces – 
themselves low due to the poor friction availability – causing insignificant anti-squat forces. In 
any case, the load transfer is minimal on such surfaces as the vehicle inertia is almost 
completely decoupled from the driveline (Chapter 3), so the anti-squat effects are not required. 
 
For the two cases involving split-μ surfaces, there is expected to be a slight difference in the 
vertical load from the left to the right hand tyres, due to the disparity in surface friction 
prompting different anti-squat forces on each side. Figures 4.36 and 4.37 show the front and 
rear loads respectively in the high/low split-μ case. Note that the left-hand wheels are on the 
higher-μ surface in both cases. 
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Figure 4.36 – Comparison of front tyre vertical loads – high/low split-μ surface 
 
 
Figure 4.37 – Comparison of rear tyre vertical loads – high/low split-μ surface 
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The high/low split-μ case shows more of an effect than the uniform low-μ case, ostensibly due 
to the high level of friction on one side of the vehicle. The rear tyre forces show a slightly 
greater magnitude of oscillation when anti-squat effects are included; however, the front tyre 
vertical forces are similar between the two cases. This shows that there is enough traction 
available for the tyres to generate tractive forces sufficiently great to then generate an effective 
anti-squat force at the rear of the vehicle. The difference in the vertical loads from side to side, 
particularly at the rear of the vehicle, indicates that there will be a rolling moment induced upon 
the vehicle body, towards the side with the lower μ value. 
 
Figures 4.38 and 4.39 show the front and rear loads respectively in the low/low split-μ case. 
 
Figure 4.38 – Comparison of front tyre vertical loads – low/low split-μ surface 
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Figure 4.39 – Comparison of rear tyre vertical loads – low/low split-μ surface 
 
Similar to the uniform low-μ case, the low/low split-μ case shows little change in the vertical 
load with the inclusion of anti-squat effects. Once again, the vertical load has changed more at 
the rear than the front, and as expected the wheel on the lower-friction side has less vertical load 
upon it. The result of having a negative anti-lift derivative (as is the case with this vehicle –see 
Table 4.1) at the front of the vehicle is that the tyre on the higher-μ surface generates a lower 
anti-lift force under acceleration than the side on the low-μ side in order to „pull‟ the front of the 
vehicle downwards. The positive anti-squat derivative at the rear results in a greater vertical 
load on the high-μ side. 
4.2.2.3 Case study #3 – Anti-squat, vertical tyre dynamics 
Figures 4.40 to 4.43 show plots of the front and rear halfshaft torques observed on each surface, 
compared to those obtained from Case #2. 
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Figure 4.40 – Halfshaft torque on uniform high-μ surface – case #3 
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Figure 4.41 – Halfshaft torque on uniform low-μ surface – case #3 
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Figure 4.42 – Halfshaft torque on high/low split-μ surface – case #3 
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Figure 4.43 – Halfshaft torque on low/low split-μ surface – case #3 
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Similar to the comparisons between the first two cases, the comparison of the halfshaft torques 
between Cases #2 and #3 reveal that again there is very little change introduced by the inclusion 
of vertical wheel dynamics, with the exception of the high-μ surface where there is a significant 
reduction in the oscillation amplitude and an apparent reduction in frequency. The tyre belt and 
wheel rim masses act as vibration absorbers; the movement of the wheel rim downward by the 
anti-squat force under acceleration is absorbed by both the vertical carcass spring and that in the 
contact patch. This means that some energy is being dissipated by these vertical motions, 
resulting in less winding-up of the halfshaft. In the low-μ cases, there is much less of an 
influence. This can be attributed to the anti-squat forces – small due to the poor traction 
availability – not being sufficiently great to displace the wheel rim and dissipate energy from 
the halfshaft. 
 
FFTs have again been performed on each torque plot (Figures 4.44 to 4.47). The following plots 
compare the frequency content between Cases #2 and #3. 
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Figure 4.44 – FFTs of halfshaft torque plots – uniform high-μ surface – case #3 
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Figure 4.45 – FFTs of halfshaft torque plots – uniform low-μ surface – case #3 
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Figure 4.46 – FFTs of halfshaft torque plots – high/low split-μ surface – case #3 
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Figure 4.47 – FFTs of halfshaft torque plots – low/low split-μ surface – case #3 
 
The identified frequencies from Case #3 are summarised in Table 4.11, and are compared to the 
results from Case #2 (in parentheses). 
 Dominant 
frequencies (Hz) 
Oscillation 
magnitude (Nm) 
Steady-state 
value (Nm) 
1 – Uniform high-μ 3.3 (3.3) 133 (151) 584 (594) 
2 – Uniform low-μ 8.6 (8.6) 101 (102) 193 (194) 
3 – High/low split-μ 6.2 (6.2) 158 (163) 333 (336) 
4 – Low/low split-μ 8.6 (8.6) 111 (112) 224 (225) 
Table 4.11 – FFT results for full vehicle model case #3 
 
The frequency content of this model, in terms of the torque in the halfshafts, is similar to that in 
the anti-squat model, again with the exception of the high-μ case – where the oscillation 
magnitude has dropped by nearly 20 Nm and the steady-state value by 10 Nm. However, there 
are also a few small differences in the magnitudes of the torque oscillations in the cases 
containing low-μ surfaces. On each of the low-μ surfaces, the steady-state value of halfshaft 
torque (indicated by the value of the FFT at 0 Hz) is slightly lower than that seen when vertical 
dynamics are not included. It can be said that the use of this model is only justified when there 
is abundant friction availability at the contact patch and there is significant carcass wind-up. 
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In order to determine the effect on the tyre vertical load of the inclusion of vertical wheel and 
tyre dynamics, comparisons have been made between the vertical tyre loads obtained from 
Cases #2 and #3 (Figures 4.48 to 4.51). It should be noted that in this case study, the masses of 
the tyre belts and wheels rims were subtracted from that of the vehicle body in order to ensure 
consistency in the total vehicle mass between case studies. 
 
Figure 4.48 – Comparison of vertical tyre loads – uniform high-μ surface 
 
With the vertical dynamics of the wheel and tyre included in the high-μ case (Figure 4.48), the 
vertical tyre loads have increased in initial peak magnitude but reduced overall in terms of both 
magnitude and apparent settling time, particularly at the rear wheels. There is also a slight delay 
in the increase in vertical load; as the vehicle body pitches, its motion is first taken up by the 
suspension spring, before the wheel rim is displaced downward, compressing the tyre and 
contact patch springs and generating the vertical load at the contact patch. 
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Figure 4.49 – Comparison of vertical tyre loads – uniform low-μ surface 
 
In the low-μ case (Figure 4.49), the slight delay in the development of the vertical load is again 
present. The peak loads are also again greater than with no vertical dynamics, albeit to a lesser 
extent. The rate of increase in vertical load is larger after the initial delay, a characteristic which 
is not as easily identifiable in the high-μ case. Unlike the high-μ case, the vertical loads settle to 
the same steady-state value well before the end of the simulation. This shows that the addition 
of vertical wheel dynamics does not have any effect on steady-state behaviour, only transient. 
 
For the two split-μ cases (Figures 4.50 and 4.51), only the rear tyre loads have been plotted as 
these demonstrate a greater difference in magnitude from side to side than the front tyres. This 
is because in terms of numerical magnitude, the rear longitudinal derivative is greater than the 
front. Note that the left-hand wheels are on the higher-μ surface in both cases. 
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Figure 4.50 – Comparison of rear tyre vertical loads – high/low split-μ surface 
 
 
Figure 4.51 – Comparison of rear tyre vertical loads – low/low split-μ surface 
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In both split-μ cases, the peak loads are greater with vertical tyre dynamics as in the uniform-μ 
cases. In the high/low split-μ case, the oscillation magnitude is greater throughout the 
manoeuvre, in contrast to the uniform high-μ case where only the initial peak was greater. The 
low/low split-μ case shows an increase in magnitude and an apparent increase in settling time, 
particularly on the lower-μ side (right). 
4.2.3 Discussion 
The purpose of the simulation work in this section was to assess the effect of incorporating both 
anti-squat suspension effects and vertical wheel and tyre dynamics into full vehicle simulations 
of pull-away manoeuvres on various road surfaces. The rotational and horizontal tyre belt 
dynamics model from Chapter 3 was extended to include the vertical dynamics of the tyre belt 
and those of the wheel rim, which had been previously neglected due to the absence of a vertical 
degree of freedom for the vehicle body. The significant differences in the results between the 
model without vertical wheel and tyre dynamics and those with these factors included suggest 
that the added complexity inherent to this model and the additional set-up work required can 
easily be justified. In terms of halfshaft torques, the only major difference between the two 
cases was seen on the high-μ surface, where the magnitude of torque oscillations was seen to 
considerably reduce. In the frequency domain, as has been the case in previous studies within 
this research, the additional model elements have had very little effect on the results. However, 
the magnitude of the oscillations is equally as important with regard to passenger comfort and 
driveability and so the differences predicted by this model are of great interest. On lower-μ 
surfaces, there is much less of an effect in the halfshaft torques. This suggests that the 
decoupling of the vehicle and driveline inertias is also responsible for negating the effects that 
the vertical motion of the wheel rim and tyre belt may have on the oscillatory vibrational 
behaviour of the halfshafts. 
4.3 Fully-coupled rigid ring model 
Following the implementation of the rigid ring model (Figure 4.52) including vertical dynamics 
in the previous section, a fully-coupled version was developed. The coupling arises from the 
inclusion of damping between the various model elements; i.e. the tyre belt and wheel rim [63]. 
The modified equations of motion include an additional term for those which describe both the 
horizontal and vertical dynamics of the tyre belt. As in the previous case, the masses of the 
wheel rims and tyre belts have been subtracted from the vehicle mass used in Cases #1 and #2 
so that the total mass is the same in all cases. 
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Figure 4.52 – Fully-coupled rigid ring model 
 
In each equation below, only one equation is given as the equations for each wheel are of the 
same form. For the vertical belt dynamics 
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For the horizontal belt dynamics 
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For the vertical wheel dynamics, the following additional term is required to be added to the 
left-hand side of Equations (4.82) to (4.85): 
 TBw
w
v xx
t
C 


         (4.89) 
The parameter values are the same as for the previous rigid ring model, with the addition of the 
damping values given in Table 4.12, taken from [63]. In Case #3, these damping coefficients 
were each set to zero in order to remove the damping contribution. 
Parameter (unit) Value 
Cv (Ns/m) 320 
Ctr (Ns/m) 0 
Ch (Ns/m) 320 
Ct (Ns/rad) 50 
Table 4.12 – Full rigid ring model damping values 
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4.3.1 Simulation results 
Figures 4.53 to 4.56 show plots of the front halfshaft torques observed on each surface, 
compared to those from Case #3, which neglected tyre damping. 
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Figure 4.53 – Halfshaft torque on uniform high-μ surface – case #4 
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Figure 4.54 – Halfshaft torque on uniform low-μ surface – case #4 
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Figure 4.55 – Halfshaft torque on high/low split-μ surface – case #4 
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Figure 4.56 – Halfshaft torque on low/low split-μ surface – case #4 
 
There are no significant effects from the inclusion of damping upon the halfshaft torques, other 
than very slight reductions in the oscillation magnitudes on the low-μ surfaces, most notably in 
the high/low split-μ case. In order to quantify these differences and to confirm that the inclusion 
of damping has not altered the halfshaft torque results, FFTs were taken of the halfshaft torque 
plots and compared to those obtained with the model from Case #3 (Figures 4.57 to 4.60). 
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Figure 4.57 – FFTs of halfshaft torque plots – uniform high-μ surface – case #4 
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Figure 4.58 – FFTs of halfshaft torque plots – uniform low-μ surface – case #4 
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Figure 4.59 – FFTs of halfshaft torque plots – high/low split-μ surface – case #4 
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Figure 4.60 – FFTs of halfshaft torque plots – low/low split-μ surface – case #4 
 
  Chapter 4 – Full longitudinal dynamics modelling and analysis 
 
254 
 
Table 4.13 summarises the findings from the FFTs. In order to assess the differences between 
cases, the values from Case #3 are given in parentheses. 
 Dominant 
frequencies (Hz) 
Oscillation 
magnitude (Nm) 
Steady-state 
value (Nm) 
1 – Uniform high-μ 3.3 (3.3) 132 (133) 584 (584) 
2 – Uniform low-μ 8.6 (8.6) 100 (101) 193 (193) 
3 – High/low split-μ 6.2 (6.2) 155 (158) 333 (333) 
4 – Low/low split-μ 8.6 (8.6) 110 (111) 224 (224) 
Table 4.13 – FFT results for full vehicle model – case #4 
 
The FFT results confirm that there is little effect from the inclusion of tyre damping on the 
frequency or magnitude of the halfshaft torque oscillations, with the exception of a slight 
decrease in oscillation magnitude in the high/low-split-μ case. It is hypothesised that there could 
be a more significant contribution from tyre damping in the vertical direction. To this end, the 
vertical motion of the wheel rims have been compared between Cases #3 and #4 for each 
surface (Figures 4.61 to 4.64). 
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Figure 4.61 – Comparison of wheel displacement – uniform high-μ surface 
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Figure 4.62 – Comparison of wheel displacement – uniform low-μ surface 
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Figure 4.63 – Comparison of wheel displacement – high/low split-μ surface 
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Figure 4.64 – Comparison of wheel displacement – low/low split-μ surface 
 
Contrary to expectation, there has been no significant effect from the addition of damping into 
the tyre model on the vertical dynamics of the wheel and tyre system, with the high/low split-μ 
case again being the only exception. In this case, there is a very slight reduction in the 
displacement of the wheel rim. The minimal effect of damping could be due to a number of 
reasons. Firstly, the damping factor is relatively low. Secondly, as the relative displacements 
and velocities of the wheel rims and tyre belts in each direction are very small, this low 
magnitude multiplied by the small relative motions results in forces which are too small to have 
any noticeable effect on the motion of the rims and belts. 
4.3.2 Discussion 
The inclusion of tyre damping appears to have had little effect on the results. The additional 
complexity introduced by the coupling terms in Equations (4.91) to (4.93) is not justified as the 
results are highly comparable with and without its inclusion. In longitudinal vehicle dynamics 
studies, the inclusion of damping has much less of an effect than in other studies as only in-
plane vibrations are considered. In lateral tyre dynamics, it is expected that the tyre damping 
included in this full rigid ring model would have a greater effect on the results. However, this is 
beyond the scope of this research and as such is not expanded upon herein. In conclusion, it can 
be said that the basic rigid ring model from Section 4.2 is sufficiently complex in order to give 
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accurate simulation results, and that it is not necessary to incorporate the additional properties 
that the coupled model possesses. 
 
In order to allow a comparison of the four modelling strategies in this chapter, Table 4.14 shows 
the frequency and magnitude content from each of the four surfaces with each model. 
  No anti-
squat 
effects 
Anti-squat 
effects 
included 
Vertical 
wheel 
dynamics 
Tyre 
damping 
included 
Uniform 
high-μ 
Freq. (Hz) 3.3 3.3 3.3 3.3 
Osc. magn. (Nm) 132 151 133 132 
Std.-st. magn. (Nm) 591 594 584 584 
      
Uniform 
low-μ 
Freq. (Hz) 8.6 8.6 8.6 8.6 
Osc. magn. (Nm) 100 102 101 100 
Std.-st. magn. (Nm) 192 194 193 193 
      
High/low 
split-μ 
Freq. (Hz) 6.2 6.2 6.2 6.2 
Osc. magn. (Nm) 155 163 158 155 
Std.-st. magn. (Nm) 332 336 333 333 
      
Low/low 
split-μ 
Freq. (Hz) 8.6 8.6 8.6 8.6 
Osc. magn. (Nm) 110 112 111 110 
Std.-st. magn. (Nm) 222 225 224 224 
Table 4.14 – Summary of FFT results 
 
As previously described, there is no difference in the frequency content of the results between 
cases. This implies that the frequency response is not affected by the inclusion of the various 
additional model elements. However, there are some differences in the magnitudes of the 
results, which makes the inclusion of the extra complexity easy to justify. The apparent 
similarity between the results from the „no anti-squat‟ and „tyre damping‟ cases – at least in 
terms of the oscillation magnitude – cannot be interpreted as the two models being analogous to 
each other. While the halfshaft torques are coincidentally very similar with these two models, 
the loads in the suspension springs are significantly different (Figure 4.65), meaning that the 
pitching behaviour of the vehicle body will vary accordingly. 
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Figure 4.65 – Comparison of suspension loads between Cases #1 and #4 – uniform high-μ 
 
The two split-μ cases reveal extensive differences in the vertical tyre loads (and, consequently, 
the suspension loads) caused by the anti-squat forces from left to right, meaning that in such 
cases a roll moment will be introduced to the vehicle body. 
4.4 Case study – sloped road surface 
One of initial particular areas of interest for this research was the dynamic behaviour of the 
vehicle and driveline when negotiating slopes, as four-wheel drive vehicles are often used for 
travelling up slopes, usually off-road and therefore on low-friction surfaces. A series of 
simulations were carried out following the same procedure as used throughout this research. 
However, these simulations failed to reveal any additional effect from the inclusion of the slope, 
other than increased torques in the front or rear halfshafts, depending on whether the vehicle 
was travelling down- or uphill respectively, due to the increase in vertical load on the relevant 
axle. No additional frequency content was observed in these torques and as such no results are 
presented here. 
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4.5 ADAMS model 
Using the modified L359 model from Section 3.9.3.2 (i.e. featuring the nonlinear relaxation 
length tyre model), simulations are run in order to investigate the effects of various components 
that could not easily be replicated in the MATLAB model, such as the compliance of 
suspension joints and mounts. The model is shown in Figure 4.66. 
 
Figure 4.66 - ADAMS L359 model 
 
As the model currently does not possess compliances at the suspension joints, it requires some 
modification in order to replace the kinematic joints with bushings. The stiffness and damping 
values for these bushings are taken directly from JLR-supplied data. The model features a six-
speed manual gearbox, MacPherson strut suspension at the front and rear. The original model 
does not feature any compliances between the suspension components and the vehicle body. 
Instead, kinematic joints are used – spherical joints at the top suspension damper mounts and 
revolute joints between the lower control arms and the chassis. In the modified model, these 
joints are replaced by elastic rubber bushings with properties supplied by JLR. The Chebychev-
Grübler-Kutzbach criterion [92] (Equation (4.89)) is used to obtain the total number of degrees 
of freedom based on the number of components and the constraints imposed between them. 
Table 4.15 lists the number of each type of joint and the number of degrees of freedom removed 
by each. 
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Type Number 
in model 
DOFs 
removed 
Total DOFs 
removed 
Part* 148* 6* 888* 
Cylindrical joint 1 4 4 
Revolute joint 95 5 475 
Spherical joint 13 3 39 
Translational joint 11 5 55 
Universal joint 4 4 16 
Constant velocity joint 11 4 44 
Fixed joint 19 6 114 
Hooke joint 3 4 12 
Inline primitive joint 3 2 6 
Perpendicular primitive joint 14 1 14 
Motion 26 1 26 
Coupler 20 1 20 
  TOTAL 825 
*Note that the figures listed for „Part‟ refer to the number of DOFs each 
part originally possesses and the total number of DOFs in the model 
prior to any constraints being applied. Note also that the „ground‟ part 
is not included. 
Table 4.15 – Constraints in original ADAMS model 
 
  63825148666   mnconstnnDOF .     (4.89) 
i.e. there are 63 degrees of freedom in the original model. When the bushings are added to the 
model, the DOFs removed by the spherical and revolute joints at the appropriate locations are 
still present – their motions restrained by the bushings instead. The four fixed joints 
constraining the motion of the rear subframe were also deactivated, adding further degrees of 
freedom into the modified model. This raises the number of DOFs to 
      11964345463  . 
4.5.1 Simulation results 
The first study is carried out with the suspension free to move (i.e. the vehicle body can pitch 
etc.) but with no compliances in the suspension and subframe mounts included – only the 
kinematic joints used in the original model. This is analogous to the final set of MATLAB case 
studies with the full vehicle model. The second study enhances those carried out previously by 
incorporating the compliances in the suspension mounts and bushings, and the rear subframe 
mounts. The objective of this is to determine whether these compliances sufficiently affect the 
vibrational characteristics of the driveline in order to warrant their inclusion in models such as 
the MATLAB examples used earlier in this chapter. 
 
Figures 4.67 and 4.68 show comparisons of the front and rear halfshaft torques respectively 
from the two case studies. 
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Figure 4.67 – Front halfshaft torque comparison – ADAMS model 
 
 
Figure 4.68 – Rear halfshaft torque comparison – ADAMS model 
 
Very little, if any, difference is visible between the two sets of results. This could be due to a 
number of reasons. Firstly, the suspension is very stiff in the longitudinal and lateral directions, 
meaning that any translations in those two planes are likely to be very small if they do occur, 
even under abrupt torque inputs. As discussed in [1], there is no significant effect from the 
inclusion of suspension compliances on the vibrational characteristics of the driveline, 
particularly in terms of frequency. This shows that the inclusion of such components in 
MATLAB models such as those used in this research is unnecessary and serves only to add 
computational effort with no benefit received in terms of result accuracy. 
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5.0 Experimental measurements 
In order to gain further confidence in the simulation results obtained in the two preceding 
chapters, experimental studies were performed on a real vehicle. This chapter details the 
experimental procedures used in addition to an introductory discussion of the fundamentals of 
data acquisition with particular focus on the equipment and methods used in this research. 
5.1 Experimental set-up and procedure 
The following section describes the equipment used for carrying out the experimental 
measurements, with detailed descriptions of each part of the experimental set-up. 
5.1.1 Vehicle 
Figure 5.1 shows the Jaguar XF used for the measurements. 
 
Figure 5.1 – Experimental vehicle 
 
The vehicle has an automatic gearbox and as such it is difficult to achieve a sufficiently abrupt 
torque input for exciting the shuffle response of the vehicle. However, on low-μ surfaces such as 
those being used in these experiments, severe wheel spin is still easily achievable and so higher 
frequency driveline modes are able to be excited. 
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5.1.2 Instrumentation 
Figure 5.2 shows a schematic of the instrumentation used in these experiments. 
 
Figure 5.2 – Instrumentation schematic 
 
The Brüel & Kjær piezoelectric charge accelerometers (Figure 5.3) are rigidly attached to the 
rear wheel uprights in the longitudinal direction of the vehicle. Their output is then fed into a 
Brüel & Kjær two-channel charge amplifier (Figure 5.4), which sends the amplified signals into 
the National Instruments DAQ card, connected via USB to a laptop computer for data logging. 
Front and rear wheel speeds and throttle pedal position are recorded via the vehicle‟s controller-
area network (CAN) system. As the car is rear-wheel drive, the vehicle forward speed can be 
obtained through manipulation of the front wheel speeds which are, of course, not experiencing 
slip during acceleration. 
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Figure 5.3 – Left- and right-hand side accelerometers 
 
 
Figure 5.4 – Charge amplifier 
 
In addition, in order to allow the CAN and DAQ signals to be aligned, some form of triggering 
mechanism is required. A string pot (Figure 5.5) is fitted to the steering column of the vehicle 
and the string attached to the throttle pedal. The output of the string pot is connected to the 
DAQ card. This allows the movement of the pedal to be recorded by the same equipment as the 
accelerometer output. The CAN system also records the position of the pedal. Prior to the pull-
away manoeuvre starting, the throttle pedal is pulsed a few times with the transmission in 
neutral, allowing the CAN and DAQ signals to be accurately overlapped. 
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Figure 5.5 – Throttle position sensor set-up 
5.1.3 Experimental set-up, method and post-processing 
Figure 5.6 shows the physical set-up of the experimental procedure. Two 1.5 m long 
polycarbonate sheets are placed on the road surface in two configurations – under one rear 
wheel only (Figure 5.7a) and under both wheels (Figure 5.7b). This allows both split-μ and low-
μ tests to be carried out. High-μ tests would also be possible by omitting the polycarbonate 
sheet. The polycarbonate sheets are well lubricated using soapy water to ensure as low a friction 
coefficient as possible. 
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Figure 5.6 – Experimental set-up 
 
 
Figure 5.7 – Road surface configurations 
 
In each test, the vehicle was accelerated rapidly forwards until it had exceeded the length of the 
polycarbonate sheets. Frequencies above 100 Hz were filtered from the accelerometer data 
using a low-pass Butterworth filter in Simulink. The CAN data is then used in order to isolate 
the data corresponding to the most prominent wheel spin events. Once this is achieved, FFTs 
and other analyses can be performed in order to assess the frequency content of the results. 
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5.2 Data acquisition 
In general, the data acquisition process requires five elements. These are: 
 Sensors 
 Signal conditioning 
 Data acquisition hardware 
 Computer hardware 
 Computer software 
5.2.1 Sensors 
In the experimental procedures, two Brüel & Kjær piezoelectric charge accelerometers are used 
(Figure 5.3). These output a charge based on the acceleration detected which is then fed into the 
charge amplifier (Section 5.1.2). 
5.2.2 Signal conditioning 
Signal conditioning is usually required in order to optimise the electrical signal for the input 
range of the DAQ device. If the signals are of a low level, they can be amplified, isolated and 
filtered in order for the measurements to be more accurate. 
5.2.2.1 Amplification 
Some low-level signals, for example those output by an accelerometer, may require 
amplification in order to increase the resolution and decrease the noise of the signal. For the 
greatest accuracy, the signal should be amplified so that the voltage range of the resulting signal 
equals the maximum input range of the ADC. In these experiments, Brüel & Kjær two-channel 
charge amplifier is used (Figure 5.4). 
 
The charge amplifier is set up so that the sensitivity of each accelerometer (Section 5.1.1) is 
properly accounted for. Additionally, the amplifier was set to output 31.6mV per m/s2. 
5.2.2.2 Filtering 
The purpose of a filter is to remove unwanted signals from that which is being measured. DC-
class signals, such as temperature, use noise filters to attenuate high-frequency signals that can 
reduce the accuracy of the measurement. The filtered signal is then passed to the DAQ device. 
AC-class signals, such as vibrations, require a so-called anti-aliasing filter. This completely 
removes all signal frequencies above the input bandwidth of the DAQ device. The charge 
amplifier used in these experiment is set to filter out frequencies above 3000 Hz. 
  Chapter 5 – Experimental measurements 
 
268 
 
5.2.3 DAQ hardware 
There are three main aspects to DAQ hardware: analogue input/output (I/O), digital I/O and 
timing I/O. Only the analogue I/O is relevant to the experiments carried out in this research and 
as such is the only aspect discussed here. 
5.2.3.1 Analogue I/O 
The basic data input considerations for choosing a DAQ device are summarised below. 
Number of channels/Input type The number of channels of either single-ended or differential 
inputs must be suitable for the data logging task. Single-ended inputs all are referenced to a 
common „ground‟, while differential inputs are referenced to separate grounds. 
Sampling rate The determining factor for how many conversions can take place in a given time. 
The higher the sampling rate, the more data is acquired in a given time and therefore the logged 
data represents more accurately the original signal. 
Input resolution The ADC uses a given number of bits to represent the analogue signal. This 
number is the resolution of the DAQ device. The higher the resolution, the more divisions the 
range is broken into, and the smaller the detectable voltage change will be. A 3-bit converter, 
for example, divides the analogue range into eight (23) parts, with each division is represented 
by a binary code between 000 and 111 (Figure 5.8). 
 
Figure 5.8 – Digitised sine wave with three-bit resolution 
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This particular digital representation is not very accurate compared to the original signal as a lot 
of information has been lost. An increase to 16 bits will allow 65536 (216) divisions to be used, 
resulting in a much closer representation of the original signal. 
Range The range of the ADC refers to the maximum and minimum voltages that it can quantise. 
Many DAQ devices have selectable ranges in order to allow the measurement of several ranges 
with the same device. 
 
The output circuitry of the DAQ device is equally as important as that of the input.  The three 
main factors are summarised below. 
Settling time This is a measure of the time taken for the output to settle to the desired accuracy. 
At high gains and high sampling rates when sampling several channels, it is likely that settling 
will not occur due to the large voltage changes that are present when the multiplexer switches 
between input signals. 
Slew rate This is the maximum rate of change that the ADC can produce on the output signal. 
An ADC with a small settling time and a high slew rate can generate high-frequency signals as 
little time is required for the output to change to a new voltage level. 
Output resolution The same as the input resolution, but for the analogue output signal. 
5.2.3.2 Multiplexing 
Often, several signals are required to be measured simultaneously. In order to achieve this, a 
common technique is that of multiplexing the signals. The DAQ hardware samples one channel, 
switches to the next, samples it, switches to the next channel, and so on. As the conditioner 
samples several signals, the effective sampling rate of each sampled channel is inversely 
proportional to the number of channels being sampled. For example, hardware with a overall 
sample rate of 1MS/s (one million samples per second) on ten channels will effectively sample 
each channel at: 
skS
sMS
/
/
100
10
1
  per channel         (5.1) 
Modern DAQ devices are able to measure large numbers of signals simultaneously. In these 
experiments, three channels are being logged simultaneously: the left- and right-hand side 
accelerometers and the throttle position (Section 5.1.2). The National Instruments DAQ card 
used for these measurements has an overall sampling rate of 10kS/s. Each channel is given an 
individual sampling rate of 3kS/s. 
5.2.4 Computer software 
In order to complete the DAQ system, computer software is required in order to enable the user 
to firstly use the DAQ hardware and secondly to visualise the acquired data and carry out 
analyses thereupon. 
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The final step in the data acquisition procedure is the visualisation and analysis of the acquired 
data. Application software often includes the driver software for the DAQ device, and adds 
analysis and presentation capabilities. DAQ device suppliers often also provide application 
software which enables the user to develop instrumentation, acquisition and control 
applications. DAQ devices do not usually have built-in displays, and so the application software 
is the only „window‟ into the data being acquired. For the measurements in this chapter, 
National Instruments‟ LabView SignalExpress program was used for the logging and 
visualisation of the measured data. The software allows the user to set the sampling rate of the 
DAQ card for each channel in addition to the voltage range for each channel. This range needs 
to be set so that it can accommodate the maximum and minimum voltages output by the charge 
amplifier and the string pot (Section 5.1.2). 
5.3 Results 
5.3.1 Split-μ surface 
The filtered signals are shown in Figures 5.9 and 5.10. As the signals were recorded from before 
the vehicle began moving to when it stopped, the wheel spin event on the polycarbonate sheet 
needs to be isolated in order to ensure that the frequency analysis does not include contributions 
outside this event. As mentioned above, the output from the string pot was compared with the 
throttle position data from the CAN system in order to be able to identify the moment at which 
the wheels started spinning. The CAN and DAQ signals could then be superposed and aligned 
(Figure 5.11) in order to identify which part of the DAQ signal should be isolated for frequency 
analysis. Thereafter, the wheel spin events are isolated (Figures 5.12 and 5.13). 
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Figure 5.9 – Filtered accelerometer signal – split-μ – left 
 
0 10 20 30 40 50 60
-50
-40
-30
-20
-10
0
10
20
30
40
Time (s)
A
c
c
e
le
ra
ti
o
n
 (
m
/s
2
)
 
 
Right
 
Figure 5.10 – Filtered accelerometer signal – split-μ – right 
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Figure 5.11 – Comparison of CAN and DAQ signals – split-μ 
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Figure 5.12 – Isolated wheel spin event signal – split-μ – left 
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Figure 5.13 – Isolated wheel spin event signal – split-μ – right 
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Figure 5.14 – FFT of wheel spin event signals – split-μ – left 
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Figure 5.15 – FFT of wheel spin event signals – split-μ – right 
 
In order to finally identify the frequency content of the wheel spin event, FFTs are performed 
(Figures 5.14 and 5.15). In order to ensure that spurious frequencies are not included in the FFT, 
a Hanning window is applied to the isolated wheel spin signal. These frequencies are 
encountered as a result of the signal being „cut‟ at each end. In order to reduce the effect of this, 
the following function is multiplied by the isolated signal: 
  












N
n
n  2150 cos.  for Nn 0
       
 (5.2) 
where N+1 is the length of the window, ideally the same length as the signal being windowed. 
The effect of this is to attenuate the signal at its extremes while maintaining the original content 
elsewhere. 
 
Distinct resonance peaks are seen at around 11, 18, 28 and 55 Hz on both sides. In order to 
attempt to identify whether the resonance peaks relate to symmetric or anti-symmetric modes, 
the complex FFTs are divided by each other. Following this, the phase angle of the resulting 
quotient can be obtained (Figure 5.16). 
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Figure 5.16 – Phase angle comparison – split-μ 
 
This shows that the 28 Hz mode is symmetric, due to its near-zero phase angle. The 18 Hz mode 
appears to be anti-symmetric, as its phase angle is close to -180 degrees. The 55 Hz mode is 
very prominent on both sides, and is tentatively identified as a symmetric mode as its phase 
angle is below 50 degrees. Finally, the 11 Hz mode is anti-symmetric, with its phase angle being 
very close to 180 degrees. When compared to the analytically identified frequencies from 
Chapter 3, an anti-symmetric mode was identified at 10 Hz and a symmetric mode at 27 Hz – 
close to those identified here experimentally, albeit with significant differences in the models‟ 
structures. 
5.3.2 Low-μ surface 
The above analysis is also carried out on the low-μ signals. Figures 5.17 and 5.18 shows filtered 
signals, while Figures 5.19 to 5.21 respectively show the superposed CAN/DAQ signals and the 
left and right isolated wheel spin events. Figures 5.22 and 5.23 shows the FFTs of the isolated 
signals and Figure 5.24 the phase angle analysis. 
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Figure 5.17 – Filtered accelerometer signals – uniform low-μ – left 
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Figure 5.18 – Filtered accelerometer signals – uniform low-μ – right 
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Figure 5.19 – Comparison of CAN and DAQ signals – uniform low-μ 
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Figure 5.20 – Isolated wheel spin event signal – uniform low-μ – left 
 
  Chapter 5 – Experimental measurements 
 
278 
 
15 15.5 16 16.5 17 17.5
-2
-1.5
-1
-0.5
0
0.5
1
1.5
Time (s)
V
o
lt
a
g
e
 (
V
)
 
 
Right
 
Figure 5.21 – Isolated wheel spin event signal – uniform low-μ – right 
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Figure 5.22 – FFT of wheel spin event signal – uniform low-μ – left 
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Figure 5.23 – FFT of wheel spin event signal – uniform low-μ – right 
 
Clear peaks are observed at 20 Hz on both sides and at 50 Hz on the right-hand side. This 20 Hz 
resonance compares to a symmetric mode at 19 Hz in Chapter 3. As would be expected, there 
are fewer resonance peaks on the uniform low-μ surface than on the split-μ. In theory, this is 
because the anti-symmetric modes would not be activated, or at least not to any significant 
degree. In order to verify that the peaks identified correspond to the anticipated symmetry, the 
phase angle of the normalised FFTs is analysed (Figure 5.24). 
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Figure 5.24 – Phase angle comparison – uniform low-μ 
 
The phase angle analysis shows that the 20 Hz peak is in fact anti-symmetric – contrary to 
expectation. Theory suggests (Chapter 3) that symmetric modes present on split-μ surfaces will 
also be present on uniform low-μ surfaces, but with a higher magnitude and a reduced natural 
frequency. However, the presence of an anti-symmetric mode suggests that, although both 
wheels were on the lubricated polycarbonate sheet, an identical friction coefficient was not 
present on both sides and therefore these anti-symmetric modes could be activated. In practice, a 
uniform friction coefficient on any given road surface is highly unlikely, particularly in low-μ 
conditions and even on theoretically identical surfaces. Although thorough attempts were made 
to ensure that both polycarbonate sheets were equally lubricated by rolling the vehicle fore and 
aft along the sheet to thoroughly disperse the soapy water, it is likely that both sides did not 
have an equal friction coefficient. Figure 5.25 shows a set of example tyre force curves, where 
one curve has a slightly higher μ value than the other. 
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Figure 5.25 – Example tyre force curves 
 
At the point highlighted, where the „very low-μ‟ curve has saturated, the low-μ curve still has a 
positive gradient. Even with a small disparity in the μ-value between the two surfaces, the 
saturation of one side before the other is enough to cause decoupling of one side of the 
driveline. It can be argued that the phase information between the split- and low-μ cases is very 
similar, with frequencies around 20 Hz in both cases relating to anti-symmetric modes. The 
symmetric 30 Hz mode from the split-μ case is still present, albeit with a much reduced 
magnitude. This argument also supports the idea that even with seemingly equivalent friction 
coefficients on both sides, there will always be a difference, no matter how small, and this will 
cause the behaviour observed here. 
 
Consistency of friction availability can also lead to the observed behaviour. If a stick-slip 
situation occurs, the prevailing position on the tyre curves will change rapidly, causing localised 
temporary decoupling of the driveline, activating the anti-symmetric modes. 
5.4 Wavelet analysis 
Another analysis method that can be used in order to determine the frequency content of a signal 
is wavelet analysis. This section gives a brief description of wavelet theory and demonstrates 
how it is used to establish which frequencies are present within a measured signal. 
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5.4.1 Background 
Generally speaking, any signal which is a function of time can be considered as having perfect 
time resolution. Conversely, the magnitude of a Fourier transform of the signal can be 
considered to have perfect spectral resolution, albeit with no time information. This is because 
the magnitude of the Fourier transform can only convey frequency content but cannot 
demonstrate exactly when (in the time domain) different events in the signal take place. What is 
therefore required is a time-frequency representation (TFR) of the signal. This is where wavelet 
analysis is useful. Wavelet transforms, in particular a continuous wavelet transform (CWT), 
expand the signal in terms of wavelet functions, which are localised in both time and frequency. 
The CWT divides a continuous-time function into wavelets. The CWT of a continuous function 
 tx  is expressed by the following integral [96],[97]: 
    dt
a
bt
tx
a
baX w 




 
 


*, 
1
         (5.3) 
where a and b are the scale index, which determines the centre frequency of the function 





 
a
bt
 , and translation respectively of the daughter wavelet from the mother wavelet ψ, 
while * denotes operation of the complex conjugate. Equation 5.3 shows how a function  tx  is 
decomposed into a set of basic functions, the daughter wavelets. 
 
By definition, the CWT can be described as a convolution – a mathematical operation on two 
functions that produces a third function, typically viewed as a modified version of one of the 
original functions – of the input data sequence with a set of functions generated by the mother 
wavelet ψ. The convolution is computed using the fast Fourier transform (FFT). Further detail 
on the theory behind wavelet transforms can be found in, for example, [96] and [97]. 
5.4.2 Wavelet analysis of experimental measurements 
In order to obtain a more detailed picture of the frequency content of the measured signals, 
CWTs are performed upon both the original and isolated signals from the split-μ case for the 
left-hand side (Figures 5.26 and 5.27 respectively) using Systat‟s AutoSignal software program. 
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Figure 5.26 – Wavelet analysis of complete split-μ signal – left 
 
 
Figure 5.27 – Wavelet analysis of isolated split-μ signal – left 
 
The overlaid plot shown in Figure 5.26 shows a distinct frequency of around 20 Hz occurring, 
along with other, less intense frequencies, at the point at which the left wheel (on the low-μ 
surface) is spinning in comparison to the right-hand side wheel. The CWT of the isolated signal 
in Figure 5.27 gives a much more detailed representation of the frequency content during the 
wheel spin event. The frequencies with the greatest intensity are around 35 to 40 Hz, a 
frequency which lasts the longest of the three most intense; around 55 to 65 Hz, a very short-
duration frequency; and around 55 to 60 Hz. Longer lasting, less intense frequencies occur at 
around 28 Hz and, to an even lesser intensity, 20 Hz. It can be observed that frequencies 
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between 50 and 70 Hz occur through most of the wheel spin event, while the lower frequencies 
have a shorter duration and occur at different times during the event. 
5.5 Comparison with simulation 
In order to determine whether the measurements could be correlated to experimental results, a 
driveline model based upon those used in Chapter 3 is developed in MATLAB, featuring 
parameter data representative of the experimental Jaguar XF vehicle. The model includes a 
more detailed representation of the transmission than that used in Chapter 3 – in this case it 
represents the ZF-supplied automatic gearbox and torque converter unit; couplings at either end 
of the two-piece propshaft, which itself is split by a central bearing. The propshaft and 
halfshafts are also each split into two inertias, in addition to having stiffness and damping 
characteristics (Figure 5.28). 
 
Figure 5.28 – Jaguar XF driveline schematic 
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The tyre model used is the rotational tyre belt model from Chapter 3. It is felt that the inclusion 
of longitudinal tyre belt dynamics is not necessary in this case, as the frequency content is very 
similar between the two models; any contribution to the frequency content was at almost 
negligible magnitude. In these validation comparisons, it is only the frequency content that is of 
major interest. 
 
A 2 s pull-away manoeuvre with a 100 Nm step torque input is simulated on a high/low split-μ 
surface. For the reasons described in the preceding section, a uniform low-μ simulation is not 
performed as a true low-μ run was not achieved in practice. The halfshaft torque for each side is 
shown in Figures 5.29 and 5.30, while an FFT of these is shown in Figure 5.31. 
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Figure 5.29 – Halfshaft torque – Split-μ case – Left wheel 
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Figure 5.30 – Halfshaft torque – Split-μ case – Right wheel 
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Figure 5.31 – FFT of halfshaft torque – Split-μ case 
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There is clearly a significant qualitative difference in the results obtained through simulation 
and experiment. This can be attributed to the experimental measurements being affected by non-
ideal input conditions or model simplifications. The step torque input used in the model is an 
idealised step, whereas in practise this is very difficult to achieve. This difference in excitation 
could cause the observed frequencies to have different intensities between the model and the 
measured results. Also, it is not practical or perhaps even possible to include every individual 
component of the driveline in the simulation model. The simplifications are necessary in order 
to achieve sensible computational efficiency, at the possible detriment of accuracy. However, 
these simplifications may omit components which may contribute to the frequency content of 
the measured signals. 
 
The frequency content of the model is shown in Table 5.1. These frequencies are obtained by 
linearising the model about a series of operating points throughout the manoeuvre. The 
frequency content is largely the same throughout the manoeuvre; those shown in Table 5.1 are 
representative of those seen at each operating point. 
Mode Damped 
freq (Hz) 
Damping 
ratio 
1 393.8 0.6545 
2 334.2 0.4781 
3 302.6 0.9081 
4 252.1 0.3364 
5 151.0 0.1934 
6 108.3 0.1374 
7 96.0 0.1215 
8 37.2 0.0015 
9 32.3 0.0402 
10 20.3 0.0119 
11 7.9 0.0089 
Table 5.1 – Frequency content of MATLAB Jaguar XF model 
 
Three of the frequencies seen in Figures 5.14 and 5.15, at around 37, 20 and 8 Hz, are detected 
by the model. However, the magnitude of the 37 and particularly the 20 Hz vibrations, with 
reference to the FFT plot shown in Figure 5.31, are very small. In order to attempt to identify 
the significant 37 Hz peak observed in the FFTs of the measured split-μ results, the torque in the 
tyre carcasses is plotted and analysed using an FFT (Figures 5.32 to 5.35). 
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Figure 5.32 – Left-hand tyre carcass torque 
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Figure 5.33 – FFT of left-hand tyre carcass torque 
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Figure 5.34 - Right-hand tyre carcass torque 
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Figure 5.35 – FFT of right-hand tyre carcass torque 
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A much more prominent peak at 37 Hz is identified (Figure 5.33). Therefore, the simulation is 
able to predict its existence. This confirms that the 37 Hz mode is related to the torsional tyre 
carcass compliance. Additionally, the 20 Hz frequency is now much more prominent from the 
right-hand tyre. 
 
In the experimental results, a resonance at around 30 Hz is detected on both sides, but not in the 
time domain simulation. A 32 Hz mode is, however, detected through eigen-analysis of a 
linearised version of the model. Possible explanations for this discrepancy between simulation 
and experiment are that the relative motion between the tyre belt and wheel rim could cause a 
longitudinal motion of the tyre belt as a result of its interaction with the ground, possibly under 
stick-slip conditions. Alternatively, one of the structural modes of the upright may be around 30 
Hz and this could accentuate the 30 Hz driveline frequency in a manner which cannot be 
captured by the model. This suggests that it is not only torque fluctuations in the halfshafts 
which cause driveline vibrations, but also the interaction between the torsional and longitudinal 
modes of vibration of the tyre belt causing fore-aft motion of the suspension uprights. 
 
Table 5.2 shows the dominant frequencies identified from the FFTs of the halfshaft torque and 
torsional tyre carcass force – each of which were predicted by the linear analysis corresponding 
to each case. 
Dominant 
frequencies (Hz) 
8.1, 20.5, 37.2 
Table 5.2 – FFT results – halfshaft torque and torsional tyre carcass 
 
The rotational mode shapes of the rear axle in isolation from the remainder of the driveline 
(Figure 5.35) are plotted for the modes corresponding to the frequencies given in Table 5.2: 
Modes 8, 10 and 11. Note that in Figure 5.36, the degrees of freedom for the driveline 
components are denoted as follows: TBL – left-hand tyre belt, TBR – right-hand tyre belt, WhL 
– left-hand wheel, WhR – right-hand wheel, DOL – left-hand differential output pinion, DOR – 
right-hand differential output pinion. In addition, it should be noted that the left- and right-hand 
side wheel longitudinal DOFs correspond also to the longitudinal motion of the vehicle body, 
since the model does not include longitudinal compliance of the suspension and the wheel hubs 
move longitudinally together with the vehicle body. 
  Chapter 5 – Experimental measurements 
 
291 
 
 TBL WhL DOL DOR WhR TBR  
-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1
Degree of freedom
R
e
la
ti
v
e
 m
a
g
n
it
u
d
e
 o
f 
o
s
c
ill
a
ti
o
n
 (
ra
d
s
)
 
 
Mode 10 - 37 Hz
Mode 12 - 20 Hz
Mode 13 - 7 Hz
 
Figure 5.36 – Split-μ mode shapes – torsional tyre belt model 
 
Figure 5.36 reveals some interesting behaviour. It is hypothesised that the 37 Hz modes are tyre 
belt-related and, since these modes are only activated on low-μ surfaces [1], only one tyre belt 
mode is active on the split-μ surface. Mode 8 (at 37 Hz) also shows the expected result of the 
left-hand side wheel having a much greater displacement than the right-hand side, as a result of 
it being on the lower-μ surface. Mode 11 at 8 Hz sees the left-hand side tyre belt, wheel rim and 
differential output pinion rotating in phase with only a small difference in magnitude, while the 
right-hand side components rotate out-of-phase with respect to the left-hand side. The 
significant magnitude of the right-hand wheel rim displacement compared to that of the right-
hand tyre belt suggests that the considerable spinning on the left-hand side, in conjunction with 
the high traction availability on the right and the presence of an open differential in between, 
leads to a winding-up of the right-hand tyre. 
5.5.1 Inclusion of longitudinal tyre belt dynamics 
Another significant resonance detected in the experimental results but not in the simulations so 
far is at around 55 Hz on both sides. The earlier omission of the longitudinal interactions 
between wheel rim and tyre belt could provide an answer, as it is possible that the main 
mechanism of force transmission to the rear suspension uprights is through longitudinal tyre 
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wind-up. The model is now modified to incorporate the longitudinal degree of freedom of the 
tyre belt (Figure 5.37) used in Section 3.8. 
 
Figure 5.37 – Modified tyre belt model 
 
As in Section 3.8, the input to the Magic Formula must be modified to reflect the different 
formulation of the sliding speed at the contact patch (Equations 5.4 and 5.5) 
x
sc
x
x
V
V
V
VR





           
(5.4) 
where Vsc represents the sliding speed observed at the contact patch. In this case, the sliding 
speed is calculated using the rotational and forward speeds of the tyre belt instead of the rim 
TBTBsc VRV 
           
(5.5) 
with VTB and ωTB representing the longitudinal and rotational velocities respectively of the tyre 
belt. The same linearisation procedure is used in order to find the frequency content of the 
modified model. Table 5.3 shows the damped natural frequencies and the corresponding 
damping ratios for all oscillatory modes of the driveline. 
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Mode Damped 
freq (Hz) 
Damping 
ratio 
1 393.8 0.6545 
2 334.2 0.4781 
3 302.6 0.9081 
4 252.1 0.3364 
5 151.0 0.1934 
6 108.3 0.1374 
7 96.0 0.1215 
8 55.0 0.0001 
9 45.8 0.0004 
10 37.2 0.0014 
11 32.3 0.0402 
12 18.2 0.0131 
13 7.3 0.0076 
Table 5.3 – Frequency content of MATLAB Jaguar XF model with longitudinal tyre belt dynamics 
 
The most notable difference between this and the previous model is the addition of two 
frequencies at 46 and 55 Hz, assumed to be related to the longitudinal tyre belt compliance. The 
previous simulation was repeated with the new model. Now, the force in the longitudinal tyre 
carcass spring is analysed in place of the halfshaft torque in order to determine whether the 55 
Hz frequency is detected. Figures 5.37 and 5.38 show this force for the left and right hand 
wheels respectively, while Figure 5.39 shows the respective FFTs. 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0
50
100
150
200
250
300
350
400
450
500
Time (s)
L
o
n
g
it
u
d
in
a
l 
ty
re
 c
a
rc
a
s
s
 f
o
rc
e
 (
N
)
 
Figure 5.37 – Longitudinal tyre carcass force – left wheel 
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Figure 5.38 – Longitudinal tyre carcass force – right wheel 
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Figure 5.39 – FFT of longitudinal tyre carcass force – left wheel 
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The 55 Hz peak is observed on the left-hand, low-μ side. Appropriate selection of the tyre 
carcass stiffness in conjunction with the tyre belt mass/inertia allows this frequency to be tuned. 
The value of the longitudinal tyre carcass stiffness is selected as 185100 N/m, which is of the 
same order as that used in Chapter 3. In this situation, a FEM model of the tyre of interest could 
be constructed in order to determine the first-order in-plane vibrational modes of the tyre belt in 
the torsional, longitudinal and (where required) vertical directions for parameter identification 
purposes when using discretised models such as that used here. 
 
Table 5.4 summaries the frequencies identified in the FFT plots. Finally, the mode shapes of the 
two longitudinal tyre belt degrees of freedom are plotted (Figure 5.41) for the modes 
corresponding to the frequencies in Table 5.4: Modes 8, 12 and 13. 
Parameter Dominant 
frequencies (Hz) 
Oscillation 
magnitude (Nm) 
Longitudinal tyre carcass 
force (left) 
54.8 134.5 
Longitudinal tyre carcass 
force (right) 
7.2, 18.1 267.5, 26.7 
Table 5.4 – FFT results – longitudinal tyre carcass force 
 
Note that in Figure 5.40, the degrees of freedom are denoted as follows: TBL – left-hand tyre 
belt, TBR – right-hand tyre belt, WhL – left wheel rim, WhR – right wheel rim. 
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Figure 5.40 – Split-μ mode shapes – with longitudinal tyre carcass compliance 
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The mode shapes of the longitudinal motion of the wheel rims and tyre belts show that every 
activated mode is asymmetric. The 55 Hz frequency of Mode 8 is seen only on the left-hand 
side, due to the minimal surface friction causing the decoupling of the tyre belt from the vehicle 
inertia. This allows the tyre belt to effectively oscillate freely close to its natural frequency. The 
7 and 18 Hz modes activated on the right-hand side of the vehicle are also seen in the torsional 
analysis of the driveline on the split-μ surface (Table 5.2), and are also seen to be very similar in 
terms of overall shape. This suggests that, unlike on the low-μ side, the motion of the tyre belt 
longitudinally on the right-hand, high-μ side is intrinsically linked to the rotational behaviour of 
the driveline, as the longitudinal degree of freedom of the belt is effectively „locked-out‟ due to 
the efficient coupling between it and the road surface. 
5.6 Discussion 
5.6.1 Experimental conclusions 
As described earlier, truly uniform-μ conditions are highly unlikely, perhaps impossible, to 
occur in practice. Therefore, a direct comparison between the results obtained in this chapter for 
the uniform low-μ surface and those from the previous two chapters is inappropriate. The results 
from this chapter have shown that in a practical situation, it is not necessary, or indeed 
appropriate, to perform a „uniform‟ low-μ manoeuvre in addition to a split-μ manoeuvre. The 
results from the split-μ case show generally the same (or at least very similar) frequency content 
when compared to the uniform low-μ case, but with much more clarity. 
 
In order to experimentally verify frequencies that may have been observed from simulation, it is 
recommended that only a split-μ run is undertaken, as simulation results from a low-μ surface 
are unlikely to be able to be replicated in practice for the reasons mentioned above. 
 
With regard to the simulations themselves, it was found that the initial assumption of the 
longitudinal degree of freedom of the tyre belt not significantly adding to the frequency content 
of the results was inaccurate, as halfshaft torque was the only parameter being analysed in 
Chapter 3. The influence of the longitudinal tyre belt compliance was overlooked as it is only 
evident when the force within that compliance is plotted, which was not the case in those 
simulations. It can now be concluded that, although the halfshaft torque is the main property of 
interest in the simulations, for validation purposes of experiments such as those in this chapter 
where the measurements are taken of the longitudinal vibration of the suspension uprights, 
further complexity is required in the tyre model to take into account the relative longitudinal 
motion of the tyre belt and wheel rim in order to better capture the experimentally observed 
vibrational phenomena. 
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6.0 Conclusions and suggestions for future work 
The present research provides a thorough and methodical investigation into the interaction 
between tyre and driveline models. Starting from basic examples of both, extra complexity is 
incorporated in a step-by-step manner in order to show the effects that each additional model 
element has on the vibrational behaviour of the driveline. 
6.1 Contribution to knowledge 
One major finding from the results of the simulations carried out in this research is that of the 
effects of decoupling the driveline and vehicle inertias on surfaces featuring a low coefficient of 
friction. It is found that the frequencies identified from FFT analyses of halfshaft torque signals 
obtained on low-μ surfaces, which do not correlate to those identified from an eigen-analysis of 
the driveline, can be obtained if modified models are created which assume a full or semi 
decoupling of the vehicle inertia from that of the driveline. On high-μ surfaces, the addition of 
damping via the frictional contact between tyre and road sufficiently explains the change in 
frequency between a linear slip model and a relaxation length-based example. On low-μ 
surfaces, where the tyre is allowed to slip over the road surface as it spins, contact damping 
cannot be responsible for the significant changes in frequency content, and it is left to the 
decoupling theory to explain these differences. This provides an immediate solution to the 
problem faced in [1], where experimental vehicle studies and virtual driveline studies revealed 
contrasting frequency content. The 2.5 Hz driveline and 5.5 Hz vehicle modes can now 
definitively be separated – the 5.5 Hz vehicle mode is not related shuffle and instead is a result 
of wheel spin exciting higher-order modes. On low-μ surfaces, the first-order driveline modes 
are effectively damped out and so do not contribute to the results on such surfaces. 
 
Another important finding is that of the strength of modal analysis and linearisation of time-
varying models as a viable method for explaining the results seen in the time domain. It is 
shown that the differences in frequency content between a linear model, such as the fixed 
relaxation length, and a nonlinear model that cannot be represented in state-space form, such as 
the slip-dependent relaxation length, can be accounted for by linearising the model about a 
series of operating points. Eigen-analyses can then be performed upon these linearised models, 
which then easily detects the frequency content identified through Fourier analysis of the time 
domain results. 
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The comparison of various tyre models contained within this research can enable a driveline 
engineer to select a tyre modelling procedure sufficiently detailed in order to verify and identify 
frequencies observed experimentally. If, for example, a frequency of 74 Hz (using the results 
from the longitudinal tyre belt model in Chapter 3) is identified in experiments, the driveline 
engineer can use such a tyre model which has been shown to capture this frequency in 
simulations. The observations resulting from the inclusion of suspension dynamics and those of 
the wheel rim and tyre belt in the vertical direction would also be of great interest to a driveline 
or chassis engineer as they clearly show the effect that the tyre belt compliances have on the 
ride characteristics and pitching behaviour of the vehicle. Generally speaking, tyre effects are 
underestimated in the literature in driveline studies, and this research has shown not only the 
effect on frequency and magnitude of torque oscillations and the associated driveline vibrations 
of tyre compliances, but also the speed dependence of the damping introduced into the driveline 
by the tyres. 
 
This research, although prompted by the behaviour of four-wheel drive vehicles at low speeds 
on low-μ surfaces, is applicable to a wider field. For example in motorsport, with high wheel 
spin (caused by large torque inputs) encountered during a take-off manoeuvre, can make use of 
the decoupling theory in addition to the torsional and longitudinal behaviour of the tyre belt. 
The results in this research are equally applicable on high-μ surfaces with high wheel spin, as 
the effect would be the same – the decoupling behaviour is induced not necessarily by a low 
value of μ, but more accurately by the location along the tyre curve. High wheel slip, even on a 
high-μ surface, would imply that the tyre curve had saturated and, therefore, that the wheels are 
decoupled from the vehicle inertia. 
6.2 General conclusions 
In terms of the actual differences between individual models, in the isolated driveline 
simulations, the inclusion of the rotational dynamics of the tyre belt causes a significant 
reduction of up to 5 Hz in several modes on the uniform low-μ surface. While the relaxation 
length approach is a good first approximation for tyre behaviour, it is only a single contact point 
model, and as such does not incorporate the significant inertial characteristics of the tyre belt. 
The two split-μ surfaces also show reductions of between 1 and 2 Hz in the two common modes 
in both cases (relaxation length and tyre belt models). The additional frequency content caused 
by the rotational characteristics of the tyre belt (frequencies around 40 Hz added into the three 
low-μ cases) is of a low magnitude and so can be said not to affect the results to any major 
extent. However, the change in the frequency content of the pre-existing modes, in addition to 
the considerable change in the magnitudes of oscillation of these modes, between the two 
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models is sufficient to warrant its use in vehicle dynamic studies. The final step in the driveline 
studies is the introduction of the longitudinal behaviour of the tyre belts in addition to the 
rotational dynamics. This reveals no significant changes in the frequency content of the results. 
However, the magnitudes of the torque oscillations are considerably reduced in the driveline 
modes, while in the tyre belt modes slight increases in magnitude are observed. The presence of 
such differences between the torsional and longitudinal tyre belt models suggests that the 
additional complexity is again fully justified. 
 
In the full vehicle model studies, a curious result is observed. If the magnitudes of oscillation of 
the halfshafts identified from the FFT analyses of the „no anti-squat effects‟ and „tyre damping‟ 
cases are compared, it can be seen that both models give identical results. However, there are 
differences in the steady-state values of the halfshaft torque ranging from 1 to 7 Nm. The 
greatest differences are observed between the „no anti-squat‟ and „anti-squat included‟ cases, 
where on the high-μ surface the oscillation magnitude increased by 20 Nm. This difference can 
be attributed entirely to the increased vertical load on the tyre allowing a greater tractive force to 
be developed and hence allowing increased wind-up in the halfshafts. The inclusion of damping 
in the rigid ring-based model did not have any major effects. It can easily be argued that its 
inclusion, along with the coupling between the longitudinal and horizontal dynamics of the tyre 
belt that its inclusion requires, is not necessary. 
 
In the ADAMS simulations, no effect is observed from including suspension and subframe 
mount compliances into the model. While these may have a significant effect on ride comfort 
and perhaps handling performance, in terms of driveline vibrations and torque fluctuations in 
the various shafts, they do not contribute. This shows that in studies such as those undertaken in 
MATLAB in this research, it is unnecessary to include them as the additional computational 
effort will be wasted as no extra accuracy will be achieved. 
 
Finally, with regard to experimental validation of the simulation results, acceptable results are 
achieved without the availability of more accurate halfshaft torque measurements. The 
measured results compare well to simulation. A new experimental procedure is devised in order 
to carry out these measurements – using lubricated polycarbonate sheets placed under the tyres 
of the vehicle to simulate low-μ conditions. Also, a novel method for correlating two disparate 
logged data streams (from the CAN system and DAQ measurements) is devised – that of 
recording the position of the throttle pedal using a string pot connected to the DAQ card. The 
throttle pedal position is already recorded by the CAN system, and so manipulating the signals 
such that they are aligned in the time domain allows the DAQ signals to be isolated for the 
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wheel spin events. The entire experimental method, however, can be improved upon, as 
discussed in Section 6.3.2. 
 
Concerning the analysis of the experimental results, a blend of methods, which have not 
previously been utilised in a vehicle dynamics context, is applied to extract useful information. 
These include wavelet analysis and the determination of the phase difference between the left- 
and right-hand side wheel spin signals. The wavelet analysis allows the frequency content to be 
related to the time domain, in order to allow the identification of when in a signal particular 
frequencies occur, and for how long. Analysis of the phase difference between the FFTs of the 
measurements from each side of the vehicle allows the symmetry or otherwise of the dominant 
modes and their mode shapes to be identified. This would otherwise be very difficult to achieve. 
The results from the low-μ surface in fact show that if a perfectly uniform low-μ surface is not 
present (very difficult to achieve in practice) the anti-symmetric modes activated in the split-μ 
case will also be activated on a „uniform‟ low-μ surface due to one side decoupling from the 
vehicle inertia before the other. This result shows that the theory of decoupling the driveline 
from the vehicle inertia is valid in order to explain the frequency content of measured signals. 
One final conclusion from the experimental procedures is that it is unnecessary to carry out 
experiments on theoretically low-μ surfaces as the likely difference in friction between the 
wheels, however small, will still cause decoupling and the same observed effects that a split-μ 
experiment would yield. 
6.3 Achievement of objectives 
Referring back to the list of objectives in Chapter 1, the following comments can be made: 
 Create and validate a representative driveline model of a specific Jaguar Land 
Rover vehicle 
A lumped parameter MATLAB/Simulink driveline model of a typical rear-wheel drive vehicle 
is built. In later studies, this is replaced by a state-space representation of the equations of 
motion. The benefits of this are two-fold: firstly, it allowed a much faster construction of a 
model from the constituent equations of motion, and secondly eigen-analysis is very 
straightforward to carry out, making the identification of the frequency content of a particular 
model much easier. Once the parameterised block diagram or state-space models have been 
built, adapting them to represent a real vehicle requires only the parameter values to be input – 
the state-space matrix elements are automatically recalculated. 
 Generate and/or adapt tyre models for implementation in the above driveline 
model and carry out a series of transient traction simulations. The starting point 
will be a relaxation length-based model 
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With the isolated driveline models of Chapter 3, three tyre models are used in comparative pull-
away studies. One of the most basic transient tyre models is the relaxation length model. It uses 
a first-order lag in the slip quantity which approximates that seen in experiments. It is an 
adequate method to use in order to obtain a general idea of tyre behaviour and the associated 
effects on driveline dynamics. As described above, several tyre models are used within the 
driveline models, either in block diagram or state-space form. For the early tyre models, such as 
the Magic Formula and relaxation length models, the tyre forces and slip quantities are 
represented purely by equations. For the later structural models, such as those based on the 
SWIFT model, additional degrees of freedom need to be added for the tyre belt and wheel rim in 
rotational and translational directions. 
 Incorporate a load- and slip-dependent relaxation length: it is possible that this 
approach, even including these dependencies, will not be able to fully capture the 
higher frequencies observed experimentally. More elaborate physical models, 
possibly including the contribution of a number of structural modes of the tyre, 
may be required 
A simple extension of this model is the nonlinear relaxation length model. This assumes that the 
relaxation length is proportional to the gradient of the force-slip curve of the tyre, which reduces 
with increasing slip. This immediately makes the model more accurate, as it is able to update 
the properties of the first order lag „online‟ during a simulation. The second model used in the 
driveline simulations takes into account the rotational dynamics of the tyre belt and the carcass 
compliance that connects this to the wheel rim. This replaces the need for the relaxation length, 
and as such the tyre force calculation was achieved using the steady-state version of the Magic 
Formula, with the slip quantity modified to relate to the motion of the tyre belt instead of the 
wheel rim. The final driveline-only tyre model incorporates the longitudinal dynamics of the 
wheel rim. This model can be likened to a simplified version of the SWIFT model. 
 Analyse the limitations of various models with particular focus on their ability to 
capture (or otherwise) the experimentally-observed phenomena 
In its basic form, the validity of the linear relaxation length model is limited above low slip 
values. This is due to its dependency on the gradient of the force-slip curve, which varies with 
an increasing slip ratio and vertical load. The vertical dynamics of the tyre belt inertia model are 
not able to be included in the driveline-only studies, as to do so requires the vehicle body to 
possess vertical and pitch degrees of freedom. In the initial studies, the vehicle body is assumed 
to only have a longitudinal degree of freedom. 
 Analyse the driveline in the frequency domain by studying the effect of different 
tyre models and operating conditions on the frequency content and damping of the 
driveline 
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In all of the analytical studies carried out in this research, eigen-analysis is carried out on 
appropriately linearised models. This allowed natural frequencies, damping ratios and mode 
shapes to be easily obtained. In the case of the experimental study in Chapter 5, this type of 
analysis enables a correlation of the experimental results to those obtained from an analytical 
representation of the study carried out. 
 Carry out a number of simulation studies to investigate the overall dynamics of the 
vehicle system. For example: 
o What are the implications of an open differential on a split-μ surface, and 
how can this be studied with the aid of a transient tyre model? 
Several case studies are investigated using transient tyre models in driveline models containing 
open differentials on split- and low-μ surfaces. It is found that on low-μ surfaces (and hence the 
low-μ side of a split-μ surface) the driveline decouples from the vehicle inertia, significantly 
altering the frequency content of driveline vibrations. 
o What are the implications of slopes and trailer towing? 
A case study related to travelling on a slope was carried out, and reveals no significant effects 
on top of those seen on level surfaces. 
o What are the implications of the interaction between the dynamics of the 
suspension, tyres and driveline? 
In Chapter 4, a full vehicle model is used. This model contains all six degrees of freedom of the 
vehicle body and thus can be used with a tyre model containing vertical belt and wheel 
dynamics. In addition, a comprehensive suspension model is included which allows the 
calculation and application of anti-squat forces and effects. This model makes use of data 
supplied by JLR featuring the geometry of the Freelander‟s suspension. Initially, studies are 
carried out without vertical tyre dynamics and focused on the effects of anti-squat geometry. 
Following this, another set of studies compares the effects of including the vertical dynamics of 
the wheel rim and tyre belt. This combines the commonly used quarter-car model with the 
6DOF vehicle body model. Finally, tyre carcass damping is included and a set of studies 
performed in order to determine the effects of its inclusion. 
 Validate the simulation results experimentally, either using existing data or taking 
new measurements if required, using Loughborough University’s tyre testing rig, 
or other facilities such as an instrumented vehicle. 
An attempt to validate the simulation results experimentally is made by instrumenting a Jaguar 
XF vehicle and performing a series of pull-away manoeuvres on split-μ and low-μ surfaces. 
Accelerometers are fitted to the rear wheel uprights and vehicle and wheel speed data recorded 
from the vehicle‟s CAN system. The low-μ surfaces are achieved by placing polycarbonate 
sheets lubricated with soap and water under the appropriate wheels. The measurements are post-
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processed in order to isolate the most severe wheel spin events and subsequently find the 
frequency content. 
6.4 Limitations and suggestions for future work 
6.4.1 Simulation 
Despite the relative complexity of the final tyre model used in this research, the full rigid ring 
model with damping-related coupling terms, further accuracy is still achievable through the use 
of a more detailed description of the contact patch. The combination of the stiffness of the 
contact area, its inertia and the frictional behaviour between it and the road surface, in addition 
to the inertia and associated behaviour of the tyre belt, is a very complex phenomena and 
requires further attention. Although the use of the Magic Formula is acceptable in general terms 
for most simulation scenarios, the behaviour at very low speed in the contact area is not able to 
be captured this way. 
6.4.2 Experimental 
As described at the end of Chapter 5, there are several areas in which the experimental 
procedure can be improved. The only vehicle available for instrumentation for these 
experiments is one with an automatic transmission. Ideally, a manual transmission would be 
used as it is much easier to generate an abrupt torque input through rapid release of the clutch 
pedal at a relatively high engine speed. This would also make obtaining a high-μ shuffle 
response very simple – the torque converter used with the automatic transmission prevents 
abrupt torque inputs being transmitted from the engine through the gearbox and to the wheels. 
 
One area in which a big improvement can be made is in the road surfaces used for the 
measurements. The current technique of using lubricated polycarbonate sheets gives 
encouraging results; however, their limited length means that the wheel spin events do not (in 
terms of time) persist for very long. Using longer sheets would give a better time resolution as 
the wheel spin events would last much longer. There are practical difficulties in using such 
sheets – their inherent limited length means that several separate sheets would be required. The 
main problem with using several sheets placed end-to-end is that some method of attachment is 
needed in order to ensure that the sheets remain in place as the vehicle travels over them. The 
high power output from the engine of the vehicle means that there is a high chance of the sheets 
being forced backwards as the vehicle moves over them. This will, at best, cause the 
experiments to fail as the surface will have changed during the manoeuvre, or at worst cause 
damage to the vehicle or surrounding area. It is possible that a test facility, such as that at 
MIRA, with a 200 m straight section of road containing several different surfaces of various μ-
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values, should be used instead. If a take-off manoeuvre were to be carried out on these surfaces, 
the ample length of the road surface would enable a much clearer picture of the vibrations 
occurring under wheel spin to be obtained, further enhancing the validity of, and confidence in, 
the measured results. 
 
The experimental procedure itself can be improved in the following ways. Currently, the 
excitation is entirely manual, depressing the throttle pedal in order to attempt to achieve a step 
input. With any manual procedure, it is very difficult to ensure a consistent excitation between 
runs. In such cases, it is likely that the torque applied to the wheels is not the same each time. 
An automated excitation system would improve the accuracy of the results. The experimental 
measurements taken in this research are of the fore-aft acceleration of the suspension uprights. 
In the simulations, the main result of interest is the torque in the halfshafts. Practically, the 
halfshaft torque is more difficult to measure due to the rotation of the shafts, meaning that 
sensor cabling cannot be used. FM transmitters can be used for wireless transmission of the 
output of the transducers in order to obtain a more accurate picture of the vibrational behaviour 
in the halfshafts. 
 
A thorough parameter identification procedure for the tyre models used in this research could 
not be created. The models used herein use typical data from other authors as indicated in the 
relevant sections of this thesis. In order to gain complete confidence in the results achieved with 
the modelling solutions proposed within this research, the tyre models should have parameter 
values set such that they represent the actual tyres used on the vehicle of interest – in the case of 
the studies carried out in Chapter 4, the Land Rover Freelander. It was observed that changes in 
the inertia of the tyre belt or the stiffness of the tyre carcass led to significant differences in the 
frequency content of the lower-order modes. Therefore, it is necessary – particularly when 
directly comparing experimental with simulation results – to ensure the tyre model parameters 
are set as accurately as possible. Having now identified which tyre models are adequate for the 
job, it is now much easier to focus on a fast, low-cost parameter identification procedure. For 
example, for the rigid ring model, modal testing can be carried out in order to identify the main 
modes, i.e. vertical, longitudinal and torsional. 
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